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0.30, and α = 34.6o. (a) ho = 2.1 mm (b) ho = 3.9 mm. The values
plotted are log10 of the power. A mapping from grey scale color to
log10 of the power is shown in the color bar above. . . . . . . . . 41
Figure 2.11 Effect of changing ho on the one dimensional power spectral den-
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φ = 0.30 and h ≈ 2 mm. (a) α = 0.16o, (b) α = 2.86o (c),
α = 7.30o (d), α = 34.6o, and (e) α = 60.8o. Lower row, varying φ
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with 2ā = 178 µm, φ = 0.30, and ho ≈ 2 mm in (a) spanwise
direction, and (b) downstream direction. . . . . . . . . . . . . . 44
Figure 2.15 Two dimensional power spectral density for different axial loca-
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SUMMARY
Film flow of a suspension has been investigated both experimentally and
theoretically. Gravity-driven free-surface inclined plane flow of a suspension of neu-
trally buoyant particles has been investigated using a stereoscopic particle imaging
velocimetry technique. Particles have been shown to migrate away from the solid
surface, and the film thickness has been shown to decrease as the fluid moves down
the inclined plane. The free surface has been characterized using a light reflection
technique, which shows that surface topography is affected by the inclination angle,
and the particle concentration.
This flow has been modeled based on the normal stress approach of Morris and
Boulay [1]. A boundary condition at the free surface has been examined, and model
predictions have been compared with experimental results. The model predicts that
the film thickness, relative to its initial value, will decrease with the bulk particle
concentration.
The thin film flow over the inner cylinder in partially filled Couette flow of a
suspension has been experimentally investigated as well as modeled. Concentration
bands have been shown to form under a variety of different fill fractions, bulk particle
concentrations, inclination angles, ratio of inner to outer cylinder, and rotation rates
of the inner cylinder. The banding phenomena ranges from a regime where bands are
xv
small, mobile and relatively similar in concentration to the bulk, to a regime where
the concentration bands are larger, stationary, and where the space between them is
completely devoid of particles.
The role of the film thickness in the band formation process has been investigated,
and has led to a model for the band formation process based on a difference in the




1.1 Goals and motivation
Suspension mechanics, in the sense of particle motions and their effects upon bulk
properties, is an area of active study in fluid mechanics. A group of problems which
has received little attention from a suspension mechanical perspective is the behavior
of a mixture of solids and liquid in the presence of a deformable interface. This is
an important but little understood phenomenon and many engineering applications
would benefit from a better understanding of how particles interact with each other in
the presence of a free surface. These include coating flows, drop formation involving
suspensions, and ceramic injection molding. This work will focus primarily on flows
of suspensions involving thin films with a free surface, a class of flows which includes
coating flows. A relatively simple suspension flow involving a free surface is gravity-
driven flow down an inclined plane. This is the first problem we choose to address
here.
Suspension film flow is one in which particle migration is reasonably expected to
occur toward the free surface, with the question then arising of how the free surface
interacts with the solid phase. The expectation comes from the fact that gravity-
driven thin film suspension flow down an inclined plane is similar to pressure driven
1
flow of a suspension in a thin rectangular channel, which has been experimentally
investigated by Koh et al. [2] as well as Lyon and Leal [3]. Lyon and Leal used a
laser-Doppler velocimetry (LDV) method to determine the velocity profile in the flow
as well as the particle concentration as a function of position. These authors found
that particles migrate away from regions of high shear, near the walls, towards regions
of low shear, in the center of the channel. This phenomenon has been seen in other
flows such as Couette flow of a suspension [4, 5].
This expectation does not take any effects of the free surface into account. The
presence of the free surface introduces capillary forces which are expected to balance
the forces placed on the particles by shear induced migration on some scale. The
steady developed flow on an inclined plane of a Newtonian fluid is equivalent to that
seen in one half of a symmetric channel flow (neglecting the wall effect), and this flow





, where the channel is 2h wide, and
z is zero at the wall and h at the centerline, and thus the shear rate γ̇ = |dP
dz
| [h− z]
varies across the channel. As shown by a number of authors the particle migration
may be explained by a phenomenological model based upon variation of the shear
rate [6, 7, 8], or by the suspension normal stresses [1]. The latter modeling, where
the migration is assumed to be the result of normal stresses created by the presence
of the particles in the flow, has proven valid in a wide range of flows and provides
an interpretation of value here. According to this model, the particle flux across the






where jz is the z component of the particle flux, Σzz is the normal particle stress in the
z direction, ηn is the dimensionless suspension viscosity, and γ̇ is the shear rate. This
implies that the particle flux is everywhere towards the center of the channel, with
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strong accumulation at the centerline. This flux has been shown to require modeling
of the stresses as nonlocal in shear rate [9] in order to avoid an aphysical maximum
packing, based upon experiment [2] and simulation [7]. The flux expression in the case
of the inclined plane flow is, again starting with ∇φ = 0, identical to (1.1), which
leads to the strange prediction that particles will pass through the surface of the
film. Experience shows that this does not occur, and that surface tension apparently
comes into play to retain the particles in the film by exertion of a normal force on
the particle phase to balance the particle phase Σzz. This balance between the bulk
shearing effects and surface tension is the coupling of interest noted above and serves
as a basic motivation for this problem.
The presence of a deformable interface introduces the problem of determining the
domain of the flow, which is of unknown and transient shape. This requires deter-
mination of the interface shape as well as solution of the equations which govern the
bulk fluid motion to obtain complete information about the flow. For the interests
of this study the governing equations are Stokes equations, since we are interested in
the case where the particle-scale Reynolds number is nearly zero, with the Reynolds
number defined as Re ≡ ργ̇a2
η
, where ρ is the fluid density, a is the particle diam-
eter, and η is the fluid viscosity. While Stokes equations are linear, deformability
of the interface causes the problem for the interface-plus-flow to be nonlinear. This
nonlinearity is with respect to the driving force for the flow and arises because the
interface introduces a balance between surface tension and viscous stresses, a particle
scale capillary number (Cap =
2ρgxa2
σ
), where gx is the component of gravity in the
flow direction, and σ is the surface tension. The balance between surface tension and
viscous stresses has been examined numerous times for pure liquid drop deformation
and breakup [10], and for the motion of single particles near an interface [11].
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The linking of capillary forces and shear induced migration effects has been ob-
served by Li and Pozrikidis [12, 13] using a boundary integral approach to simulate
the particle motion and free surface shape for film flow of a suspension. They have
studied liquid drops [12], and solid particles [13] in gravity-driven inclined plane flow
of a suspension, where both the drops and solids were neutrally buoyant. They find
that both the drops and the solid particles move away from the solid surface as well
as the free surface, although the results for the solid particles are very limited. This
result differs from their finding for liquid drops in pressure driven channel flow [14]
where the drops only were found to move away from the solid walls.
The free surface of a suspension in simple shear driven by belts, where the free
surface lies in the vorticity direction, has been studied experimentally by Loimer et al.
[15]. Using a light refraction technique they find the one dimensional power spectral
densities of light intensity from images of the free surfaces and notice that there are
many different wave lengths present. The natural scale of surface deformations is that
of the particles however, a range of scales showing a spectrum of 1/f type is observed.
In order to study the internal dynamics of free-surface flow of a suspension in
gravity-driven inclined plane flow, we chose to use a stereoscopic particle imaging
velocimetry technique, described in Chapter 2. The surface deformation, resulting
from particle interactions in the bulk, has been characterized by a light reflection
method, and can be seen at regular and high magnification in Figure 1.1. The dark
spots in Figure 1.1 (c) are individual particles and the bright spots in all three images
are locations on the surface which are reflecting light from a point source. We use
direct surface imaging of reflected light from above, which is similar to Loimer et al.,
to determine the surface topography under various conditions, with power spectral
analysis of the images as a characterization tool. The light reflection technique is




Figure 1.1: (a) Reflection of light from the free surface of a suspension flowing down
an inclined plane, for 2a = 178 µm, α = 60.8o, ho = 2.1 mm and φ = 0.30 The image
is 3.0 cm tall and 2.4 cm wide. (b) Image of a glass pipet with 1.7 mm diameter just
above the free surface shown in (a) at slightly higher magnification. (c) Close up of
light reflecting from the free surface for 2a = 178 µm, ho = 2.2 mm, φ = 0.30, and
α = 34.6o. The image is 0.7 mm tall and 1 mm wide.
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There are many instabilities associated with free surfaces at nonzero Reynolds
number, and in the case of some free-surface flows instabilities are found even at
vanishing Reynolds number [16]. The interest here is in instabilities which have been
observed in rotating flows of free-surface suspensions. Specifically, we are interested
in a phenomenon observed in the geometries of partially-filled concentric cylinders
with the inner cylinder driving the flow [17, 18] and a partially-filled single rotating
cylinder [19, 16]. In each geometry, an axial segregation of particles into alternating
regions of high and low particle concentration, where the high concentration regions
are referred to as concentration bands, has been reported. The present work examines
the Couette geometry. Experiments have been performed for a variety of different
bulk particle concentrations, fill fractions of the annulus, inclination angles of the
device, ratios of inner to outer cylinder diameter, and rotation rates of the inner
cylinder. These results are presented in Chapter 3 and 4.
The most striking behavior found here is due to inclination of the Couette device.
When the device is placed at an incline a basic symmetry is broken and concentration
bands are found to migrate down the axis, away from the elevated end with bands
forming periodically in the shallow end of the device. This procedure happens in
a very regular manner for sufficient inclination. When the system is unforced the
concentration bands are found to meander back and forth in the device, at times
coalescing to form a single band from two, with a new band forming to fill the newly
opened space. An example of the band motion for the unforced (α = 0) and forced
(α = 2o) cases, where α is the inclination angle of the device, can be seen in Figure 1.2
(a) and (b) respectively. This motion looks very similar to solutions of the Kuramoto-
Sivashinsky equations [20, 21],
ht = −h · hx − a− b · hx − hxx − c · hxxx − hxxxx
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which are known to exhibit chaotic behavior. Here h is meant to represent surface
elevation of the film over the inner cylinder. Forcing by gravity is similar in effect
to making the constants b or c nonzero. Examples of these solutions, with periodic
boundary conditions, are shown in Figure 1.2 (c,d). The solution method for this
equation is given in Trefethen [20].
For the related problem of rimming flow inside a rotating cylinder, it has been
shown by lubrication analysis that flow with axially varying viscosity will cause a
disturbance in the film thickness axially [22]. It is believed that a similar mechanism
takes place for partially filled Couette flow of a suspension. Once the film thickness
over the inner cylinder has been perturbed there is a difference in the rate that
the particles can leave this local region of higher thickness relative to the rate the
suspending fluid can leave. Particles are able to drain from the region at a rate
which is slower than that of the fluid, thus increasing the particle fraction in the local
region which has more height. This increases the effective viscosity of the disturbed
region which then further increases the film thickness. This process of differential
drainage [23, 24] then builds on itself to create alternating regions of high and low
particle fraction. The concept underlying the mechanism is that there is a deviation in
velocity between the phases in gravity-driven flow caused by the fluctuations in surface
elevation. The deviation in phase velocities was demonstrated for the spreading of a
drop of suspension in Chapter 3. The model, described in Chapter 4, gives rise to a
set of coupled equations for volume fraction, axial velocity, and variation of the film
depth.
1.2 Thesis Outline
The bulk of this work is made up of two papers which have been published and one
which is intended to be submitted; because of this some results and methods are
7

















































Figure 1.2: Spatiotemporal location of concentration bands in free-surface Couette
flow of a suspension (a) Unforced no incline (b) Forced with inclination angle 2o.
Kuramoto-Sivashinsky solutions for (c) a = 0, b = 0, and c = 0 (d) a = 0.2, b = 0,
and c = 2.
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covered in multiple locations. The following is intended to outline this work for the
benefit of the reader.
We approach our investigation of thin film free-surface suspension flow by experi-
mentally obtaining information about free-surface inclined plane flow of a suspension.
This problem is treated in Chapter 2. A stereoscopic PIV technique has been used
to gain information about the velocity field and further analyzed to gain information
about the particle concentration distribution. The free surface shape has been in-
vestigated using a light reflection technique, and images of the free surface and the
corresponding power spectral density plots are presented. This flow has been modeled
and comparisons have been made between the model and experimental data.
We then consider partially filled Couette flow of a suspension, a flow which has
been shown to cause an instability in the particle concentration. Experiments have
been performed exploring the effects of the bulk particle concentrations, fill frac-
tions of the annulus, inclination angles of the device, ratios of inner to outer cylinder
diameter, and rotation rates of the inner cylinder. The dynamics of the concentra-
tion bands has been investigated and detection methods and results are presented in
Chapter 3. The relationship between the film depth over the inner cylinder and the
banding phenomena has been investigated and results are presented in Chapter 4.
A mechanism for the banding phenomena has been proposed based on a difference
in the rate that fluid is able to drain relative to the particles, from a height disturbance
in the film. Once a height disturbance has occurred the process continues to build on
itself, with the fluid draining faster than the particles, thereby increasing the effective
viscosity locally and causing the height to increase further. Ideas concerning this




PARTICLE MIGRATION AND SURFACE
TOPOGRAPHY IN FREE-SURFACE INCLINED
PLANE FLOW OF A SUSPENSION
2.1 Introduction
Free-surface suspension flow has relevance to processes such as dip or blade coating
[25], as well as paint coating [26]. Coating flows involving suspensions have, however,
received little attention addressing the role of particles in establishing the bulk flow
and the form of the surface. The latter issue has been shown to have relevance in
recent work by Loimer, Nir and Semiat [15] illustrating that shear-induced motions
of the particles can result in marked deformation of a suspension-air interface. This
behavior reflects particle interactions in the bulk and has no obvious counterpart in
pure liquid interfaces. To examine the phenomena involved in a suspension flow with
a free surface, we have considered the relatively simple gravity-driven flow down an
inclined plane. This work presents experimental results and flow modeling for this
problem.
Based upon the similarity of the gravity-driven free-surface flow and pressure-
driven channel flow, for the latter of which a suspension exhibits pronounced particle
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migration [2, 3], migration is expected to play a role. A number of suspension flows
exhibiting migration have been investigated. Leighton and Acrivos [4], and later
Abbott et al. [5] have shown experimentally that particles will migrate away from
regions of high shear to regions of low shear in Couette flow of a suspension. The
experiments by Lyon and Leal [3] determined the velocity and concentration profile
of pressure driven flow of a suspension of neutrally buoyant solid spherical particles
in a rectangular channel, using a modified laser-Doppler velocimetry (LDV) method.
Particle migration was away from the walls and toward the center of the channel,
leading to the expectation in a gravity-driven film flow of a suspension that neutrally
buoyant particles will accumulate adjacent to the free surface.
This expectation does not, however, account for factors arising from the free sur-
face. The most obvious neglected point is that in a free-surface flow, deformation
of the interface introduces capillary forces, a type absent in a channel flow. A re-
lated point is that the freedom of the interface shape introduces degrees of freedom
in the system dynamics, and these have been shown in other geometries, namely a
partially-filled circular Couette device and a single partially-filled rotating cylinder,
to be associated with remarkably strong segregation of the particles into concentrated
and dilute (or particle-free) bands along the direction perpendicular to the flow. In
these flows with rotation about the axis of symmetry, banding is along the axis,
and was observed to occur in low Reynolds number flow in the partially filled Cou-
ette [17, 18] and rimming flow inside a rotating cylinder [16]. Both flows involve a
free-surface film of suspension flowing due to the device rotation and gravity. The
finding of instability of the uniformly-mixed state in such flows indicates a need for
examination of suspension flows in free-surface geometries.
The observations of Loimer et al. [15] that the interface with normal along vor-
ticity in a simple shear flow is strongly deformed point to significant forces driving
11
particle interaction with the free surface. Our investigation considers suspension flow
under conditions in which the normal stresses in the suspension are expected to play
a more prominent role in the bulk through the particle migration [1]. Because cap-
illary normal forces resist the protrusion of particles into the interface, the internal
dynamics and surface deformation provide dual demonstrations of the influence of
particle normal stresses. The vanishing of the average shear rate at the interface in
the flow studied here provides direct evidence of the need for a nonlocal description
of the dynamics in a flowing suspension. In order to study the internal dynamics
of free-surface flow of a suspension, we chose to use a stereoscopic particle imaging
velocimetry technique, described in §2.2.2. We use direct surface imaging of reflected
light to determine the surface topography under various conditions, with power spec-
tral analysis of the images as a characterization tool.The light reflection technique is
described in §2.2.3
The expectations of particle migration toward the free surface of gravity-driven
film flow are derived from a body of work modeling the bulk flow of suspensions
[6, 7, 8, 1]. Leighton and Acrivos [8] proposed a phenomenological model for the
shear induced particle flux along gradients in shear, which holds for some flows.
Morris and Boulay [1] have developed a model for the particle flux based on normal
stress differences caused by the presence of particles in sufficient concentration, and
this model is employed, in §2.5, to model the axially evolving film flow.
Complementing modeling efforts are rather limited simulation studies examining
the behavior of isolated particles or suspensions in film flow. The presence of a
deformable interface introduces the problem of determining the domain, which is
of unknown and transient shape. Li and Pozrikidis have used boundary integral
techniques to simulate drops [12] and then particles [13] in two-dimensional gravity
driven flow down an inclined plane. The results published for suspensions of solid
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particles are limited, but the liquid drops were found to migrate to the center of the
film, meaning away from both the solid and the free surface. This behavior differs
from the findings for drops in pressure-driven channel flow by Li and Pozrikidis [14],
providing direct (albeit numerical) evidence that the capillary forces from the film
interface can have effects upon the bulk distribution in mixture film flows.
We begin by outlining the experiments in the following section. Experimental
results are presented for the PIV and surface reflection studies in §2.3. The model is
presented and its results are compared with experimental findings in §2.5.
2.2 Experiments
2.2.1 Suspensions and equipment
The suspending fluid used was a mixture of 76% Triton X-100 (t-Octylphenoxypoly-
ethoxy-ethanol, a surfactant produced by Sigma), 16.2% zinc chloride (ZnCl), and
7.8% water, with the percentages based on mass. This mixture was density-matched
(ρ = 1.180 g/cm3) and roughly refractive index (RI)-matched to the poly-(methyl
methacrylate) (PMMA; Elvacite Company) particles (RI = 1.491 at T = 20oC).
The suspending liquid viscosity had temperature dependence described by η = 9.13 ·
exp(−0.12(T − 22)) Pa s, with T in degrees Celsius, based on measured viscosities at
T = 22o–28oC. The surface tension of the suspending fluid is 33.5 dyne/cm at 23oC,
measured with a Fisher Surface Tensiometer Model 21.
Suspensions are mixed by first adding the Triton X-100 to the particles and al-
lowing all of the resulting air bubbles to rise out. The ZnCl2 is then dissolved in the
water and this solution is added to the particles and Triton X-100. The suspension is
then mixed and allowed to cool; cooling is needed as there is apparently a significant
heat of mixing for ZnCl2 and water as well as for aqueous ZnCl2 and Triton X-100.
The PMMA particles used in the PIV experiments, described in §2.2.2, were sieved
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to diameters (2a) in the range 250–300 µm, and heat treated as described below. The
free surface characterization experiments, described in §2.2.3, used PMMA particles
sieved to a diameter range of 106–250 µm, but which were not heat treated. A lim-
ited number of the free surface characterization experiments were done with PMMA
particles that had diameters of 9.9 µm with a standard deviation of 1.4 µm (Bangs
Laboratories).
Particles for use with the PIV techniques described in §2.2.2 must have the same
refractive index as the suspending fluid and must also have a constant refractive
index within the particle, so that only the dyed tracer particles can be seen in the
flow. Improvement of the refractive index matching was obtained by the following
procedure. Particles were placed for 15 minutes in an oil bath well-mixed by rapid
magnetic stirring and heated to 130oC, and then quenched with dry ice to -78oC.
The glass transition temperature of PMMA is 125oC [27]. The particles were then
resieved, a step needed to remove any which might have become fused. This process
greatly improves the clarity of the PMMA particles, allowing visualization through
the full depth of a 3 mm film of φ = 0.30.
Tracer particles are required for PIV techniques and are created by allowing dye
to diffuse into the PMMA particles. Several grams of PMMA particles are placed in a
bath consisting of water and black RIT liquid dye. The bath is well mixed and heated
until boiling. The particles are kept under these conditions for approximately two
hours. The mixture is poured through a sieve to separate the particles from the bath.
While the particles are still on the sieve, cold water is poured over them to remove
any excess dye. Finally the dyed particles are re-sieved to remove fused particles.
Two inclined channels, both constructed from Lexan and 4.4 cm wide but differing
in length, were used; one was 183 cm long and the other was 61 cm long. The longer
channel was used to examine axial evolution by PIV as described in §2.2.2 and free
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surface characterization as described in §2.2.3; the shorter channel was used only
for experiments in which the free surface characterization was studied. To eliminate
inclination of the device in the spanwise direction, the channel was leveled in the
spanwise direction using a bubble level pressed flush against the solid surface of the
inclined plane channel, and with its axis perpendicular to the channel (flow direction)
axis. This was done at the top and bottom of the inclined plane just prior to each
experiment.
Digital imaging was used in all experiments described. The cameras used were Ul-
trak model KC7500CN with Navitar Zoom 7000 Macro Zoom 18-108 mm F/2.5 lenses.
Camera positioning is schematically illustrated in Figure 2.1. Images were captured
and sent to computer memory by an IMASYS Falcon Quattro frame grabbing cap-
ture card, which is capable of taking images from 4 NTSC input lines simultaneously.
Each image is marked with a time stamp when taken, accurate to one millisecond.
For stereoscopic PIV, a pair of images is needed at each imaging time; pairs with time
stamps differing by greater than one millisecond were discarded. The time between
frames was 0.5 seconds or greater.
2.2.2 Particle imaging velocimetry
Stereoscopic particle imaging velocimetry (PIV) was used to determine the particle
velocity within the film. The method consists of three basic steps. First, individual
dyed tracer particles are identified in stereoscopic images. Second, their locations in
a three dimensional coordinate system are determined by analysis of the image pairs.
Third, once all particle positions are known for two instants within 2 seconds of each
other in time, a correlation between particle positions in these two is performed to
determine particle velocity as a function of location in the flow. The treatment of

























Figure 2.1: Schematic of camera and lighting positions for (a) stereoscopic particle
imaging velocimetry, and (b) free surface imaging.
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image pairs to obtain a set of particle locations for each imaging instant, followed by
application of the last step to all particle position sets which are separated by 0.5,
1.0, 1.5, and 2 seconds in time.
Particle identification
Particles are identified in the images by first using background subtraction to re-
move gradients in intensity due to the lighting. Thresholding of the intensity produces
a “binary” image where particles appear black and the background is white. Each
group of black points is analyzed by an automated computational method to deter-
mine if they represent a spherical particle — which implies determination of whether
they are sufficiently circular in the image. The analysis is based upon constructing
















































where R is the circle radius and the coordinate system is centered at the objects
center of mass. The two size independent measures (m1,2) used to determine if the


















If the mi (which are radius-independent) differ significantly from the parameters of
a true circle, the object is discarded; in practice, the criterion for this decision was
made such that if two spherical particles, of the same size as the particles observed in
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practice, overlapped by less than fifty percent of their projected area, the combined
observed object would not be considered a particle. This translates into a 5% change
in m1 and a 7.5% change in m2. If either of these criteria is not met then the object is
discarded. In this case it is assumed that the object is either not a spherical particle,
or that the object is the partially eclipsed image of two spherical particles.
Stereoscopic particle positioning
The stereoscopic PIV method relies on the fact that the position of an object in
space can be determined by observing the object from two different camera positions.
If, from each camera position, the vector to the object is first determined, the position
of the object in three-dimensional space is given by the intersection of these two vec-
tors. To obtain the necessary information, two cameras were located approximately
45 cm from the inclined plane such that the angle of incidence on the plane of their
views were separated by approximately 10o. The distance between the cameras was
approximately 6 cm. This setup is illustrated by the schematic in Figure 2.1 (a).
The coordinate system in three dimensions is defined by placing an object referred
to here as an “optical standard” into the field of view. The optical standard consists
of a precision-machined block of aluminum with original dimension 3.5 cm × 2.5 cm
× 1.0 cm; one face of this block was further machined to provide five square posts of
400± 2µm in width. One of the five posts is reduced in height by 2.54 mm (0.100 in)
from the others, which are not reduced in this dimension from the as-received block.
In use, the standard is placed with the four long posts in contact with the solid surface
of the inclined plane. An image of the face of the optical standard used can be seen
in Figure 2.2. The posts provide three identifiable points which lie in a plane, against
the inclined plane (the fourth of these is not needed), and one identifiable point which
lies out of this plane. Designating one of the points as the origin, the positions of
all of these points in three-space designated by (x, y, z) are defined, and are given in
18
Figure 2.2: Image space positions of critical features labeled in pixels (V,W ) (upper
text) and three-dimensional physical position referenced to the uppermost identified
point in the picture (lower text).
Table 2.1.
An image of the optical standard, as shown in Figure 2.2, provides a two-dimensional
pixel location (V, W ) of each point in the physical three-space. A knowledge of the
actual positions of the points from the optical standard allows us to define a trans-
formation from a point in an image to a position vector in three dimensional physical
space, i.e. T : (V,W ) → (x, y, z). The x and y coordinates in physical space are de-
fined by the three points which lie in the plane, and in practice were always oriented
such that the positive x coordinate corresponds to the long axis of the channel (the
mean flow direction) and the y coordinate corresponds to the spanwise direction. The
z coordinate is defined using the out of plane point, and is zero at the solid surface
and positive above it. Since the lens system being used consists of a series of thin
lenses it can be assumed that all of the vectors going to the camera are parallel, an
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Table 2.1: Coordinates of the critical features on the optical standard shown in
Figure 2.2.
Real Space Coordinates (mm) Image Space Coordinates (pixels)
( x , y , z ) (V,W)
(0.00 , 0.00 , 0.00) (234,31)
(5.08 , 0.00 , 0.00) (92,58)
(0.00 , 5.08 , 0.00) (276,153)
(2.54 , 2.54 , 2.54) (198,97)
assumption verified later for the lens system in use. Because the vectors are assumed
to be parallel, we are able to develop a linear transformation between the location at
which each vector intersects the z = 0 plane in three-space and the two-dimensional
coordinate system of the image from the camera [29]. This transformation is of the
following form,
X = T ·w + R, (2.3)
where X is a position where this particular vector intersects the x− y plane (z = 0),
w is the position of the object in the image space taken by the camera, T is a two
by two matrix, and R is a vector of length two. Once the three points in the x − y
plane have been located in the coordinate system of the image, the matrix T and the
vector R are then determined by solving (2.3), or more explicitly:
T = A ·B (2.4)
R = −T · d1 − c1. (2.5)
The various quantities in (2.4) and (2.5) are defined as follows: the columns of A are
given by c2−c1 and c3−c1 respectively, with ci a column vector denoting the location
of object i in the physical x − y plane; the columns of B are given by d2 − d1 and
d3 − d1 respectively, where di is a column vector denoting the location of object i in
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the image (V,W ) space, a subscript 1 denotes the object being used as the physical
space origin, and subscripts 2 and 3 denote the physical space objects which define
the x and y axes in physical space. Table 2.1 gives the image space and corresponding
physical space location of the points identified in Figure 2.2. The three points with a
z position of 0.00 are used to determine T and R for this camera. The image space
coordinate system (V,W ) is defined with (0, 0) at the top left corner of the picture
and is illustrated in Figure 2.2.
It is necessary to determine the direction which is associated with the vectors
from each camera. Under the approximation of parallel vectors from the image to
camera, the direction the camera must be from all objects which are observed can be
determined from the identifiable point on the optical standard which lies out of the
(x, y, z = 0) plane. This is the point located at (V = 198, W = 97) in the example of
Figure 2.2. The relation (2.3) is used to determine the point where the vector from
the out-of-plane point to the camera intersects the (x, y, z = 0) plane. The direction
the camera lies from all viewable objects is defined by the difference between the
actual position of the out-of-plane identifiable point of the optical standard and the
point determined from (2.3) above, given the (V, W ) coordinates of the out-of-plane
point.
The vector along which a point on an object lies is defined by the point at which
the ray of light intersects the (x, y, z = 0) plane, which is found using (2.3), and the
direction associated with the camera, found by the procedure outlined in the previous
paragraph. Recall that a vector to a point is determined for each camera, and a line
along the vector direction can be defined for each. The three dimensional location of
an observed object is the point where the lines associated with that object from the
two cameras intersect. In practice, the object position is taken as the point which
minimizes the sum of the distances between itself and each vector. This point bisects
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the shortest possible line between the two vectors.
The assumption that all vectors from the camera to the measurement volume are
parallel to the focal axis is justified experimentally. The optical standard is first used
to define the matrix T and the vector R, which are both different for each camera, as
well as to define the camera directions. The optical standard was then moved a known
distance and the locations of the features were then calculated and compared to their
actual positions. When the optical standard was moved 2 mm, with a micrometer
driven linear translator, the error in the position of the features was less than 40 µm
in each of the three directions.
Velocimetry
Particle velocities are determined by first finding the vector between each particle
at time t and each particle at time t + ∆t, (∆x)ij = xj(t + ∆t) − xi(t) for i and
j labeling all particles at t and t + ∆t, respectively. Velocities are determined as
v = (∆x)ij/∆t. Each velocity is assigned the position at the mid-point between the
two particle positions used to create it. The v are then assigned to bins according to
their z position (height above the solid surface) and then are further classified into
bins according to their magnitude in the x, y, and z directions. We assume that there
is no correlation between a given particle at time t and a particle at time t+∆t which
lies upstream (at smaller x), so that the distribution of negative x-directed velocities
represents the expected uncorrelated distribution of velocities associated with unlike
particles for a given position box. The number of velocities which lie in each velocity
box is totaled and the number found with a negative vx is subtracted from the number
in the box with the corresponding positive vx of the same magnitude. This process
leaves only the correlated velocity information. The raw frequency data for the tracer
study at z = 2.6 mm can be seen in Figure 2.3 (a) and the correlated data for this
same location is shown in Figure 2.3 (b). A best fit Gaussian curve is determined for
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Figure 2.3: Velocimetry data. (a) Raw velocity frequency data for tracer particles
(φ = 0.005) for the box centered 2.6 mm above the solid surface of the inclined plane.
Gaussian fit of correlated velocity frequency data for (b) tracer particles (φ = 0.005)
for the velocity box centered 2.6 mm above the solid surface of the inclined plane
and for (c) φ = 0.30, α = 60.8o, ho = 2.72 mm, and x = 15 cm for the velocity box
centered 1.4 mm above the solid surface of the inclined plane.
23
the frequency-velocity data for the bin at each distance above the solid surface, as
illustrated in Figure 2.3 (b), with the velocity taken as the mean of the Gaussian. The
procedure was found to apply well to concentrated suspensions, up to φB = 0.4, with
qualitatively similar fit to that of the tracer in Figure 2.3 (b) seen in the concentrated
suspension data in Figure 2.3 (c).
The particle fraction as a function of height above the solid surface, z, is also
of interest. While in principle this quantity is accessible using the image data used
for PIV, particle fraction was only reliably determined from the detected particle
positions for dilute conditions. Recall that images were taken through the solid
surface. Although able to see through the entire film, we found that the probability
of detecting a dyed particle near the solid surface differed from the probability closer
to the the solid surface. If this probability were equal then the particle fraction as
a function of height above the solid surface could be determined by simply counting
the number of particles detected at each height above the solid surface. The particle





where E(N | z) is the expected number of particles in the box, VP is the volume
of an individual particle, L is the width and length of the box, hb is the height
of the box and fd is the fraction of particles which are dyed. The results from a
tracer study (φ = 2 ∗ 10−4), shown in Figure 2.4 (a), along with the results from
an experiment done with φ = 0.3, shown in Figure 2.4 (b), indicate a detection bias
depending on the distance of the particle from the lower boundary of the film. The
φ = 0.3 concentration profile is inconsistent with the velocity data taken for those
experiments. The shear rates found from the velocity profile does not agree with
the effective viscosities implied by the particle concentrations found. The apparent
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(b)
Figure 2.4: Concentration profiles from direct counting of particles in a (a) tracer
experiment (φB = 2 · 10−4) and (b) φB = 0.30. Here φ3Phase represents the particle
fraction in the full system which consists of liquid, gas, and particles. This arises
because of the unknown instantaneous location of the free surface.
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reason for this is that the velocity data is not subject to the same detection bias as
the concentration: the velocity measurement does not require that there be the same
probability of detecting a particle which is present between different heights. It is
possible that the failure of the method for determining the detailed particle fraction
is due to insufficient index matching of the particles to the fluid.
Rather than using direct particle position sampling to retrieve information about
the particle concentration, we treat the flow as inclined plane flow of two layers with
different Newtonian viscosities. The choice of only two layers is described below. This























forz ∈ [0, (1−∆) · h) (2.7)
where the velocity is specified by choosing the viscosities (ηSi) of the fluid layers as
well as the location of the boundary between the two distinct layers (∆). The variable
∆ is confined to the interval between 0 and 1, and represents the fraction of the film
at the measurement position made up of the layer next to the free surface (which
has viscosity ηS2). The model fit to measured velocity data is made by minimizing
the squared error between the model velocity and the actual velocity data using a
Nelder-Mead simplex [30]. A typical two layer Newtonian viscosity fit is shown in
Figure 2.5.
From the implied viscosity and the relationship between particle fraction and
effective viscosity, ηs(φ), we determine the implied particle fraction. The pure fluid
viscosity is determined for each experiment by fitting a one viscosity model to the
velocity profile taken nearest the start of the channel and by making the assumption
that the particle concentration is uniform at the bulk concentration across the film.
The assumptions are apparently justified: Table 2.2 shows that the viscosities from the
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Figure 2.5: PIV velocities and two layer Newtonian viscosity model fit for φ = 0.30,
α = 60.8o, ho = 3.21 mm , and x = 137 cm. The model parameters are ηS1 = 7.81
Pa s, ηS2 = 25.84 Pa s, and ∆ = 0.82.
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two viscosity fit for the pure fluid (experiment 1) are almost identical to those of the
one viscosity fit, while the two viscosities for the suspension at the earliest measuring
location, x = 15 cm, were found to be relatively close in value, varying from 7.99 Pa
s to 8.10 Pa s. The pure fluid viscosity is determined in this manner because of its
sensitivity to temperature, which was not well controlled in the laboratory and varied
from one experiment to another. In light of this lack of migration 15 cm from onset
of flow the thickness at x = 15 cm is treated as the initial thickness of the film, ho.
Although it is tempting to represent the flow as more than two Newtonian fluids,
there is insufficient velocity data to warrant this. Typically, our velocity profiles
are made up of 5 to 6 data points, and a three viscosity model requires 5 model
parameters. A fit with 5 parameters with only 5 data points introduces a significant
amount of noise into the results, where small changes in the measured data produce
large changes in the predicted values; by using more data than there are parameters
in the model, averaging takes place which makes the output much less sensitive to
small changes in the input data. In light of this lack of velocity data the most we
can hope to get from a model of this type is 2 viscosities, and the location where the
effective viscosity changes from one to the other.
2.2.3 Free surface characterization
In order to characterize the corrugations in the free surface of inclined plane flow, a
series of images is taken of the reflection of light from of the free surface. A camera is
placed above the free surface such that its focal axis creates an angle of approximately
70o from the film (or 20o from the mean surface normal), as shown in Figure 2.1 (b).
Light is provided by a 300 W Philips white light bulb without diffuser (providing an
approximate point source of light), placed such that the light reflected from the mean
flat surface reaches the center of the frame of the camera. If the surface is deformed
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such that the surface normal vector is in a direction different from the mean normal
vector, light is reflected away from the camera producing a dark region in the image.
The series of intensity images were subjected to Fourier analysis to obtain length
scale information about the free surface. Both one- and two-dimensional transforms
were considered, and the power spectral density (PSD) determined for each.
One dimensional PSDs were constructed in both the flow and spanwise directions.
The one dimensional PSD is obtained by first dividing each image into individual
data sets. Each row of pixels in each image was treated as an individual data set for
determining the mean PSD in the spanwise direction and each column of pixels is
treated as an individual data set for determining the mean PSD in the flow direction.
The first step in determining the PSD of an individual data set is to take the Fast
Fourier Transform (FFT)






ωN = exp(−2πi/N) (2.9)
where M is a vector of the Fourier coefficients, X is a vector of the data minus the
mean of the data, i is the unit imaginary number, and N is the number of data
points. The power contained within each wavenumber band for the specific data set
is then determined from these Fourier coefficients. The power of a given wavenumber
is defined as the Fourier coefficient associated with the wavenumber times its complex





where P is the power of the given data set. The mean power spectral density in the
spanwise direction is simply the mean of all spanwise power spectral densities of all
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where P is the mean power spectral density, and S is the number of data sets in all
pictures. The variable S can be thought of as the number of separate data sets in the
series. This same process is used to determine the mean PSD in the flow direction.
This method is similar to one of the methods used in Loimer et al. [15], although we
have used the full field of the image rather than a narrow band from the image.
A two dimensional Fourier analysis was used to extract the PSD for frequencies
coupled in the flow and spanwise directions as well as uncoupled frequencies from the
image intensity. The first step in this process is to take the two dimensional FFT of
the raw image after subtracting the mean intensity:
M(j, k) = fft(fft(X(j, k))). (2.12)
The one-dimensional FFT is first taken of all of the columns of an image, then the
FFT is taken of the rows of the Fourier coefficients from this first transform. A two
dimensional PSD is constructed for each image in the series and then normalized by
the largest power:
P (j, k) =
M(j, k) ·M(j, k)∗
maxN1,N2b=1,c=1{M(b, c) ·M(b, c)∗}
, (2.13)
where N1 is the number of pixel rows and N2 is the number of pixel columns. The
reported result for a given experiment is the mean of the two dimensional PSDs over
the S individual images,





P (j, k)b. (2.14)
Here S represents the number of individual images in the series.
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2.3 Results
The goals of this work were to determine the flow of a noncolloidal suspension in
free-surface film flow in Stokes flow (vanishing inertia), and to determine the form of
the free surface under such flow conditions. Neglect of inertia is well justified, as the







umax < 5 · 10−6
for all experiments in this study, where a is the particle radius, umax is the maximum
observed velocity, η is the pure fluid viscosity, and h is the film thickness. The film







for all experiments presented here, where ηSo is the effective viscosity of a suspension
with a particle concentration equal to the bulk particle concentration.
As in prior experimental examinations of suspension flows with varying shear
[4, 5] and predicted by theoretical treatments of these flows [6, 7, 1], we observe
the migration of particles away from regions of high shear towards regions of low
shear, although we are not able to make precise statements about the migration near
the free surface. We have also observed the deformation of a free surface presumably
caused by particle interactions in the bulk (subsurface) flow which has been previously
observed by Loimer et al. [15]. Note that the surfaces in the work of Loimer et al.
had normal along the vorticity direction of a band-driven simple shear flow, and thus
were not stress-free as the surfaces here are, and it is thus interesting to note the
relative similarity of the observations.
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2.3.1 Particle imaging velocimetry
Experiments from this study have shown that particle migration in thin films occurs
under a range of conditions, characterized in dimensionless form by the particle-scale
capillary number, Cap, ho/(2a), and φB. Velocity profiles for all experiments show a
decrease in effective viscosity of the material nearest the wall as the suspension moves
down the inclined plane, implying a reduction in φ here. The influence of migration
upon the film velocity leads also to a decrease in film thickness.
The depth, or z, coordinate has been scaled with ho, taken as the film depth
x = 15 cm, slightly downstream of the point suspension is placed on the inclined
plane. All velocities reported here have been scaled by Uo, which is chosen such that
the scaled total flux is equal to the total flux of a pure fluid scaled by the velocity
at the free surface. Pure Newtonian fluid inclined plane flow, with maximum scaled
velocity of 1, has a flux of 2/3. Figure 2.6 (b – d) shows that the fully developed
velocity profile scales with α and h2o. It is unclear, from the limited results presented
here, how φbulk affects the scaled fully developed velocity profile.
The velocity profile evolution from the velocity profile of a Newtonian fluid with
the effective viscosity of the bulk particle concentration to the fully developed velocity
profile is shown in Figure 2.7. As the fluid moves down the inclined plane the velocity
near the wall is observed to increase. Figure 2.7 shows that the distance required to
achieve a fully developed state decreases as the bulk particle concentration increases.
It is important to note that model predictions from §2.4 suggest that the velocity
profile for φ = 0.20 at x = 137 mm is not fully developed.
The large velocity gradient near the wall, shown in Figures 2.6 and 2.7, suggests
that the particle concentration near the wall has become nearly zero in the fully de-
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Figure 2.6: Comparison of velocity profiles at x = 137 cm for various conditions.
(a) Effect of φ on final velocity profile for α = 33.5o, and ho = 2.64 mm, ho = 2.31
mm, and ho = 2.89 mm respectively. (b) Effect of ho on final velocity profile for
φ = 0.30, and α = 60.8o. Effect of α on final velocity profile for φ = 0.30, and (c)
ho = 2.3 mm (d) ho ≈ 3.3 mm. The heavy line in (a–d) represents the parabolic,
pure Newtonian fluid profile of the same flux.
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Figure 2.7: Axial evolution of dimensionless velocity profile. (a) φbulk = 0.20,
α = 33.5o, and ho = 2.6 mm; (b) φbulk = 0.30, α = 60.8
o, and ho = 2.3 mm; and (c)
φbulk = 0.40, α = 33.5
o, and h0 = 2.9 mm.
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Figure 2.8: Histogram of particle locations for (a) φ = 0.30, α = 60.8o, h = 2.14
mm, and x = 137 cm (b) φ = 0.30, α = 33.5o, h = 1.78 mm, and x = 137 cm (c)
φ = 0.30, α = 33.5o, h = 2.31 mm, and x = 15 cm.
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Table 2.2: Results from all PIV experiments discussed here, labeled in the leftmost
column by experiment number. The variables ηS1 , ηS2 and ∆ are the results from
the two layer Newtonian viscosity model, where 1 refers to the region closest to the
solid surface and the variable ∆ is the fraction of the total film which is made up of
the layer next to the free surface. The particle fractions implied by the viscosities
found from the two layer Newtonian viscosity model are given as φ1 and φ2. Units of
dimensional quantities are indicated in the second line of the top row. The particle
diameter range used in these experiments was 250-300 µm.
φ α Q x h ηS1 ηS2 ∆ φ1 φ2 η
deg mL/min cm mm Pa s Pa s Pa s
1 0 33.5 13.390 76 2.68 7.99 8.10 0.88 0.00 0.00 8.1
2 0.2 33.5 13.390 15 2.64 7.70 8.07 0.54 0.19 0.20 3.9
76 2.44 4.84 8.40 0.83 0.07 0.21
76 2.44 4.57 8.15 0.86 0.05 0.20
137 2.26 3.34 9.60 0.81 0.00 0.24
3 0.3 33.5 5.683 15 2.31 12.11 15.60 0.57 0.29 0.33 3.7
76 1.89 5.07 15.96 0.76 0.09 0.34
137 1.78 3.70 19.07 0.78 0.00 0.36
4 0.3 60.8 5.683 15 2.31 17.97 19.89 0.86 0.29 0.31 5.6
76 1.97 8.23 20.72 0.79 0.11 0.31
137 1.88 6.86 20.84 0.79 0.06 0.31
5 0.3 60.8 9.520 15 2.72 20.02 17.48 0.63 0.31 0.28 5.6
76 2.34 8.52 20.50 0.83 0.13 0.31
137 2.14 6.22 17.89 0.83 0.04 0.29
6 0.3 60.8 14.297 15 3.21 21.26 19.36 0.60 0.30 0.29 6.0
76 2.80 8.50 24.98 0.83 0.10 0.33
137 2.74 7.81 25.84 0.82 0.08 0.34
7 0.3 73.4 17.610 15 3.33 19.47 20.64 0.90 0.29 0.30 5.9
137 2.69 6.68 21.54 0.82 0.04 0.31
8 0.4 33.5 2.778 15 2.89 45.46 48.27 0.94 0.40 0.41 6.5
76 2.28 8.30 73.13 0.90 0.08 0.46
137 2.26 7.58 72.23 0.91 0.05 0.46
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(see the method described in §2.2.2). Very few particles were found within 0.3 mm
of the solid surface for the fully developed cases shown in Figure 2.8 (a,b), while a
similar examination of the initial flow, Figure 2.8 (c), shows that particles are initially
present in this region. Reduced particle concentration at the wall is also supported by
the fact that all experiments with suspensions of φ ≥ 0.2 resulted in a film thickness
which decreased as the mixture flowed down the inclined plane. The film thickness
in inclined plane flow is quite sensitive to changes in viscosity near the solid wall.
Results for all experiments for which film thickness are available, are presented
in Table 2.2. All experiments of concentrated suspensions resulted in downstream
velocity profiles which exhibited an increase in the velocity gradient near the wall.
Implied viscosities determined from a two-layer Newtonian viscosity model and im-
plied particle fractions are presented. Implied particle fractions were determined by






where ηS is the viscosity found from the two layer Newtonian viscosity model, η is
the pure fluid viscosity, and φmax = 0.65. Particle flux matching to the experimental
value was within 15%.
It is not possible to determine the particle concentration at the free surface pre-
cisely from our data. With a two-layer model for the velocity, decreases in viscosity at
the solid surface are more likely to be detected than decreases at the free surface since
they will result in a greater change in the velocity. Changes in the effective viscosity
at the free surface will result in a very small change in the velocity and therefore are
difficult to infer from the measured velocity profile.
Experiments were also done for φ = 0.30, and α = 90o. There was a smooth
transition from a flat film, evenly spread across the width of the channel to a film
37
where all of the fluid was flowing down the corners between the bottom of the channel
and the side walls with almost no suspension in the center of the channel. This result
was repeatable and stable to forced disturbances of the free surface. The film was not
sufficiently uniform to warrant PIV measurements.
The film thicknesses reported in this study were determined by integrating the
particle velocity to find the point where the total material flux was equal to the total
flux which was physically set in the experiment. There was close agreement between
this thickness and the film thickness determined by depth micrometer. We are unable
to determine the thickness of the film for the φ = 0.30, α = 90o experiment, since
our method requires the assumption of no variations in the thickness in the spanwise
direction.
The reproducibility of the stereoscopic PIV technique employed in this study is
demonstrated in Figure 2.7. Two independent camera setups, with images taken over
two different time periods, were used during the course of a single experiment to
measure the velocity profile at x = 76 cm. The figure illustrates close agreement
between the measured velocity profiles. The largest velocity difference in the results
from the two trials was 3% of the maximum velocity 2.85 mm/s, or about 0.08 mm/s.
This reproducibility indicates the significance of the difference in the velocity profiles,
resulting apparently from particle migration, measured at x = 15 cm and x = 137
cm from these results.
2.3.2 Surface imaging
The surface deformation, resulting from particle interactions in the bulk, has been
characterized by the method described in §2.2.3. This deformation reflects a balance
between surface tension and viscous forces, commonly given by a capillary number.
Two capillary numbers were considered in this study. The first was based on the
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where σ is the measured surface tension. The former definition was used, using radius
instead of diameter, to characterize their numerical evaluation of film flows contain-
ing particles and immiscible liquid drops by Li and Pozrikidis [12, 13] under fairly
dilute conditions. Interestingly, at concentrated conditions, comparison of surface
images indicate that Cap provides a better delineation of behavior than does Caf .
Experiments conducted at the same Caf but of different particle size display different
surface topography, as shown in Figure 2.9. There is a discernible change in surface
topography for a particle fraction of 0.30 at a Cap of 1 · 10−4. Surfaces with a Cap
above 1 · 10−4 are deformed by subsurface particles while surfaces with Cap below
1 · 10−4 are not noticeably deformed.
The relevance of the stress at particle-scale distances from the surface, which is
captured by Cap, rather than the stress proportional to film depth captured by Caf ,
is also supported by PSD results. Experiments run under constant particle fraction
and incline angle at varying ho have PSDs of very similar wavenumber content. This
can be seen in both the two and one dimensional power spectral densities shown in
Figures 2.10 and 2.11 respectively. Surface deformation is not seen at a larger Caf
for the small particles, which implies that the particle scale must be considered in
setting the stress in Ca. This is clear from the visual similarity of free surfaces at




Figure 2.9: Comparison of initial surface topography with each Ca. (a) 2ā = 178
µm, Caf = 2.56 · 10−3, Cap = 2.19 · 10−4 (b) 2ā = 9.9 µm, Caf = 4.02 · 10−3,
Cap = 1.65 · 10−5. Images are 2.4 cm wide and 3.0 cm tall, where an individual pixel
is 100 µm wide and 125 µm tall. The suspension is flowing from the top of the images
towards the bottom.
One dimensional power spectral densities are presented here for limited cases,
as they directly compare with the results presented by Loimer et al. [15]. For a
given wavenumber in the flow direction (kx), where kx = 2π/λx with λx taken as
the wavelength in the x direction, the power in a one dimensional PSD is a function
of the two dimensional fast Fourier transform coefficients. There have been limited
cases where the one and two dimensional power spectral densities appear to exhibit
contradicting behaviors, for reasons not completely understood. We believe that the
trends shown by the two dimensional PSDs are valid.
It is clear that the surface topography becomes more deformed as the angle of
inclination is increased, as seen in Figure 2.12. As incline angle increases the high
wavenumber content of the surface also increases relative to all other wavenumber
content, as seen in the two dimensional PSDs in Figure 2.13 and the one dimensional
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Figure 2.10: Effect of changing initial film thickness, ho, on the two dimensional
power spectral densities of initial surfaces for 2ā = 178 µm, φ = 0.30, and α = 34.6o.
(a) ho = 2.1 mm (b) ho = 3.9 mm. The values plotted are log10 of the power. A
mapping from grey scale color to log10 of the power is shown in the color bar above.
h
o
 = 2.1 mm
h
o
 = 3.1 mm
h
o
 = 3.9 mm
h
o
 = 5.3 mm
k
y

















 = 2.1 mm
h
o
 = 3.1 mm
h
o
 = 3.9 mm
h
o






























Figure 2.11: Effect of changing ho on the one dimensional power spectral densities
of initial surfaces for 2ā = 178 µm, φ = 0.30, and α = 34.6o, in (a) spanwise direction


































































































































































































































































































































































































































































































































































































































































































































































































































































































































Figure 2.14: One dimensional power spectral density for initial α experiments with
2ā = 178 µm, φ = 0.30, and ho ≈ 2 mm in (a) spanwise direction, and (b) downstream
direction.
The effect of the particle concentration on the surface topography can be seen in
Figure 2.12. As the particle fraction increases the surface becomes more deformed,
and the relative high wavenumber content of the surface increases as shown in Figure
2.13.
Low pass and band pass filters have also been applied to the images in an attempt
to determine if structures on all scales move down stream. Low pass filtering was
done with cutoff wavenumbers (wavelength) of 1.2 mm−1 (λ = 5.3 mm), 2.6 mm−1
(λ = 2.4 mm), 4.2 mm−1 (λ = 1.5 mm), 12.6 mm−1 (λ = 0.5 mm), and 20.9 mm−1
(λ = 0.3 mm), where all wavenumbers which were larger than these were discarded.
Examples of these filtered images can be seen in Figure 2.16. When the filtered
images are viewed one after another as a time series it is possible to see structures
associated with all wavenumbers move down stream. Structures associated with all
wavenumbers move down stream for all band pass filtered image series as well. Band
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pass filtering was done with wavenumber ranges of 2.6 – 5.7 mm−1 (λ = 2.4 – 1.1
mm), 5.7 – 12.6 mm−1 (λ = 1.1 – 0.5 mm), and 12.6 – 20.9 mm−1 (λ = 0.5 – 0.3
mm).
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Table 2.3: Cap and Caf for all initial free surface experiments.
φ α 2a h Cap h/(2a) Caf Surface
deg µm mm Description
1 0.30 34.5 9.9 2.413 1.0 · 10−5 243.7 2.4 · 10−3 smooth
2 0.30 34.5 9.9 3.073 1.0 · 10−5 310.4 3.0 · 10−3 smooth
3 0.30 0.16 178 1.854 1.2 · 10−5 11.7 1.4 · 10−4 smooth
4 0.30 75.6 9.9 2.413 1.6 · 10−5 243.7 4.0 · 10−3 smooth
5 0.30 0.48 178 1.854 3.7 · 10−5 11.7 4.3 · 10−4 smooth
6 0.30 0.97 178 1.854 7.4 · 10−5 11.7 8.7 · 10−4 smooth
7 0.30 1.94 178 1.854 1.4 · 10−4 11.7 1.7 · 10−3 deformed
8 0.30 2.86 178 1.854 2.1 · 10−4 11.7 2.6 · 10−3 deformed
9 0.30 7.30 178 1.854 5.5 · 10−4 11.7 6.5 · 10−3 deformed
10 0.30 7.30 178 13.37 5.5 · 10−4 84.1 4.7 · 10−2 deformed
11 0.01 34.6 178 1.981 2.5 · 10−3 12.5 3.1 · 10−2 deformed
12 0.05 34.6 178 2.108 2.5 · 10−3 13.3 3.3 · 10−2 deformed
13 0.10 34.6 178 2.032 2.5 · 10−3 12.8 3.2 · 10−2 deformed
14 0.20 34.5 178 2.337 2.5 · 10−3 14.7 3.7 · 10−2 deformed
15 0.20 34.5 178 3.200 2.5 · 10−3 20.1 5.0 · 10−2 deformed
16 0.20 34.5 178 4.039 2.5 · 10−3 25.4 6.3 · 10−2 deformed
17 0.30 34.5 178 2.134 2.5 · 10−3 13.4 3.3 · 10−2 deformed
18 0.30 34.6 178 2.210 2.5 · 10−3 13.9 3.5 · 10−2 deformed
19 0.30 34.5 178 3.099 2.5 · 10−3 19.5 4.9 · 10−2 deformed
20 0.30 34.5 178 3.912 2.5 · 10−3 24.6 6.1 · 10−2 deformed
21 0.30 34.5 178 5.334 2.5 · 10−3 33.5 8.4 · 10−2 deformed
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Table 2.3: (continued).
φ α 2a h Cap h/(2a) Caf Surface
deg µm mm Description
22 0.40 34.5 178 2.083 2.5 · 10−3 13.1 3.3 · 10−2 deformed
23 0.40 34.5 178 3.048 2.5 · 10−3 19.2 4.8 · 10−2 deformed
24 0.40 34.5 178 4.191 2.5 · 10−3 26.4 6.6 · 10−2 deformed
25 0.20 60.8 178 2.108 3.8 · 10−3 13.3 5.1 · 10−2 deformed
26 0.20 60.8 178 3.124 3.8 · 10−3 19.6 7.5 · 10−2 deformed
27 0.20 60.8 178 3.785 3.8 · 10−3 23.8 9.1 · 10−2 deformed
28 0.30 60.8 178 2.134 3.8 · 10−3 13.4 5.2 · 10−2 deformed
29 0.30 60.8 178 3.048 3.8 · 10−3 19.2 7.4 · 10−2 deformed
30 0.30 60.8 178 4.039 3.8 · 10−3 25.4 9.8 · 10−2 deformed
31 0.30 60.8 178 5.969 3.8 · 10−3 37.5 1.4 · 10−1 deformed
32 0.40 60.8 178 2.057 3.8 · 10−3 12.9 5.0 · 10−2 deformed
33 0.40 60.8 178 3.124 3.8 · 10−3 19.6 7.5 · 10−2 deformed
34 0.40 60.8 178 4.597 3.8 · 10−3 28.9 1.1 · 10−1 deformed
35 0.20 75.0 178 1.854 4.2 · 10−3 11.7 5.0 · 10−2 deformed
36 0.20 75.0 178 2.869 4.2 · 10−3 18.0 7.7 · 10−2 deformed
37 0.20 75.0 178 4.293 4.2 · 10−3 27.0 1.2 · 10−1 deformed
38 0.40 75.0 178 1.823 4.2 · 10−3 11.5 4.9 · 10−2 deformed
39 0.40 75.0 178 3.124 4.2 · 10−3 19.6 8.3 · 10−2 deformed
40 0.40 75.0 178 4.318 4.2 · 10−3 27.2 1.2 · 10−1 deformed
41 0.40 90.0 178 2.083 4.4 · 10−3 13.1 5.8 · 10−2 deformed
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Figure 2.15: Two dimensional power spectral density for different axial locations,
with 2ā = 178 µm, φ = 0.30, α = 60.8o, and ho = 2.1 mm. (a) Initial surface, x → 0,
(b) x = 76 cm, and (c) x = 137 cm. The values plotted are log10 of the power. A




Figure 2.16: Filtered images for 2ā = 178 µm, φ = 0.30, α = 60.8o, and ho = 2.1
mm (a) Original image (b) Longest wavenumber of 1.2 mm−1 (λ = 5.3 mm), (c) 2.6
mm−1 (λ = 2.4 mm), (d) 4.2 mm−1 (λ = 1.5 mm), (e) 12.6 mm−1 (λ = 0.5 mm),
and (f) 20.9 mm−1 (λ = 0.3 mm). Images are 2.4 cm wide and 3.0 cm tall, where an
individual pixel is 100 µm wide and 125 µm tall. The suspension is flowing from the
top of the images towards the bottom.
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2.4 Model
Here we develop a model for the particle concentration and bulk velocity as a function
of location in a two dimensional suspension in inclined plane flow. The model is
developed using the framework presented by Morris and Boulay [1]. A boundary
condition for the free surface is evaluated and the model results are compared to the
experimental results found in §2.3.1.
Gravity-driven Stokes flow of a film of Newtonian fluid down an inclined plane
results in a quadratic velocity profile. The standard assumption of vanishing shear
stress at the gas-liquid interface, or free surface, results in a flow mathematically
identical to pressure-driven channel, or plane Poiseuille, flow with the gravitational
driving force replacing the gradient of pressure, of form u(ξ) = Us[1 − (ξ/h)2] with
ξ measured from the free surface into the liquid or ξ = h − z, and where Us is the
surface velocity and h is the film depth. Suspensions of neutrally-buoyant particles
in pressure-driven channel flow exhibit shear-induced migration, with elevated con-
centration developing in the center of the channel as the flow proceeds axially. It
is thus natural to apply modeling successful for predicting migration phenomena in
pressure-driven and other flows to the study of gravity-driven suspension film flow.
The model we use is based on the suspension balance approach of Nott and Brady
[7] with a different description of the normal stress rheology. The model formulation
is largely similar to the description by Morris and Boulay [1] and the treatment will
be kept brief except in those features which are introduced in this work, primarily to
account for the free surface nature of the flow.
The new features considered here are the potential for a normal stress jump across
the free surface and the free-boundary character of the upper surface of the film. The
latter allows the mean film depth to vary as the mixture flows axially, and thus
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provides the capability to match the experimentally observed thinning of the film,
as shown by the h(x) data in Table 2.2. The mean free surface takes on too weak a
curvature to be of significant influence under the conditions studied, but the potential
for a normal stress jump resulting from the smaller-scale deformation the mean free
surface of the suspension is addressed below.




the particle-scale inertia (Rep =
32ρa3
3ηh2
umax ≤ 5 · 10−6) are small, justifying neglect of
inertia at all scales. In the suspension balance approach, neutrally-buoyant suspension
flow at zero Reynolds number is described by mass and momentum conservation
equations for the bulk mixture,
∇·〈u〉 = 0 and ∇·Σ = ρg, (2.15)
and for the particle phase. The mean suspension velocity and bulk stress are given
by 〈u〉 and Σ, respectively. Particle mass conservation is described by
∂φ
∂t
+ 〈u〉·∇φ = −∇·j⊥ (2.16)
in which j⊥ ≡ φ(U − 〈u〉) is the suspension flux relative to the mean motion, with
U the mean velocity of the particle phase, which is governed by
0 = ∇·Σp − 9η
2a2
φf−1(φ)(U − 〈u〉), (2.17)
for neutrally buoyant particles1 in which the last term represents the hydrodynamic
force on the particle phase represented as analogous to a sedimentation (with f the
sedimentation hindrance function) and Σp is the particle contribution to the bulk
stress, modeled as
Σp = −ηγ̇Q(φ) + 2ηηp(φ)E, (2.18)
1As shown in Morris and Brady [31], only the difference in density ρp−ρf enters in this equation.
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where ηp is the dimensionless particle contribution to the suspension viscosity, and E
is the local bulk rate of strain, γ̇ = (2E:E)1/2. The normal stresses are specified by










where ηn(φ) is termed the “normal stress viscosity.” The sedimentation hindrance
function, f , relates the sedimentation rate of a homogeneous suspension of spheres at
volume fraction φ to the isolated Stokes settling velocity, i.e., f(φ) = Used(φ)/Used(0).
A standard form, f(φ) = (1 − φ)α, is used here [32] with α = 4. The anisotropy of
the stress is given by λ2,3 differing from unity, with values of λ2 = 0.5 and λ3 = 0.8
providing best fits of various suspension flows. It is important to note that the
vorticity direction is placed in the 2 position and the gradient in the 3 position,
which is unusual (and differs from the original work). Here, we are interested only in
Σ22 but have provided the full constitutive behavior for completeness. The particle
























where φmax is the maximum packing fraction, and Ks = 0.1 and Kn = 0.75 provided
reasonable agreement with experimental data.
The problem studied is steady in average but axially varying, and variations of
stresses in the axial direction are much smaller than those across the channel. These

















in which it is assumed that the average mixture velocity has only an axial component
in writing the left-hand side. Note that z in this problem is the direction of the
velocity variation, or the gradient direction, and thus ΣPzz = Σ
P
22. The boundary
conditions associated with (2.22) are that no particle flux occurs through either the
solid boundary or the free surface; we require constant axial flux of both particles and
bulk suspension at any value of x, which condition is related to the determination of
the free surface position (i.e, to the value of h(x)).
We assume the particles move with the mean suspension velocity in the axial
direction, neglecting the lag velocity of O[(2a/h)2] predicted by Faxén’s law. The
solution is obtained using a marching method, such that the axial momentum equation
uses only local information, meaning values at the axial position x of interest,











and from this we determine ux and γ̇ ≡ |∂ux∂z |. This information, along with the profile
φ(z) at this x, is used to evaluate Σzz and its variation with z, and hence the cross-
stream particle flux due to particle migration, jz. This leads to the update equation
for φ which, following from (2.22), yields















In order to apply the model to the film flow, a boundary condition for the free
surface must be developed. Considering the local conditions at a free surface, a normal
stress jump is admitted across the interface. This does not have much effect. The
normal stress jump at the free surface is set as follows,
Σzz = Σzz(o) − C · ηn · ux
h
where Σzz(o) is the locally calculated particle stress. The second term on the right hand
side of the above expression is the nonlocal portion of the particle stress. Increasing
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the magnitude of the particle stress everywhere in the film causes a normal stress jump
at the free surface. The variable C was varied from 0.001 to 10. The migration effect
was significantly reduced for values of C on the order of 1. Only small differences in
the velocity and concentration profiles were seen, and the film thickness changed by
less than 2% between the model solution for C = 0.001 and 0.1. The dimensionless
film thickness is closest to the experimentally determined dimensionless film thickness
for values of C ≤ 0.10.
The model velocity scales with α, and h2o in the same manner the experimentally
determined velocity does. However, the fully developed model velocity profile found is
significantly slower than the fully developed experimentally determined velocity near
the wall, but faster than the experimentally determined velocity near the free surface.
In an attempt to gain more agreement between model and experimentally determined
velocity profiles an ad. hoc. method was used to modify the particle stress. The stress
field was increased at the wall and then allowed to decay exponentially back to the
unchanged stress field with distance from the wall,
Σzz = Σzz ·
[








where ε can be thought of as a/ho which was set to 0.05 for all model results presented
in this work.
The β effect on the fully developed velocity profile can be seen in Figure 2.17 (a).
As β is increased the particle concentration at the wall decreases. Increasing β to
a value of 50 forces the fully developed model velocity to match the experimentally
determined velocity near the wall however the velocity near the free surface predicted
by the model is still larger than the experimentally determined velocity. The reason
for this difference can be seen by comparing the model concentration profile to the
implied concentration found from the two layer Newtonian viscosity model that was
applied to the experimentally determined velocity profile. The concentration pre-
dicted by the model, shown in Figure 2.17 (b), is low near the solid wall and then
rises sharply to the concentration at the free surface. We believe that the model over
estimates the concentration near the free surface. If the concentration was lower near
the free surface, and therefore higher in the middle of the film, the velocity at the
free surface would be slower.
Li and Pozrikidis [13] have simulated suspensions of solid particles in Stokes flow
films; these authors have also considered film flows of suspensions of deformable drops
[12]. They find that a single particle in inclined plane flow moves away from the free
surface. For a single particle in inclined plane flow, the crest of the disturbance created
in the free surface is upstream of the particle. This results in a net surface force on
the particle pushing it away from the free surface balanced by drag due to downward
velocity of the particle relative to bulk flow to achieve a force-free condition. Finite
solid fractions up to areal fraction φA = 0.1 were computed but no results describing
the distribution are given. Note that calculations for areal fractions up to φZ = 0.2
were reported in Li and Pozrikidis [12] showing that the dispersed drops were generally
pushed away from both the solid and free surface.
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Figure 2.17: Model predicted (a) dimensionless fully developed velocity compared to
experimentally determined velocity, (b) fully developed particle concentration profile,
and (c) evolution of the film thickness.
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The results of Li and Pozrikidis [12, 13] suggest that the particle concentration
near the free surface is being over-estimated by our model, which implies that the
normal stress jump produced by the boundary condition we have chosen at the free
surface is not large enough, or is of inappropriate form. However when the variable C
is increased there is insufficient migration away from the solid surface. This suggests
the boundary condition we have chosen at the free surface is not of a proper form.
The model in its current form predicts that the scaled film thickness will decrease
with increasing φ, and that the scaled velocity will increase with φ. This can be seen
in Figure 2.18 (b). The model results presented in Figure 2.18 (c) suggest that PIV
experiment 2, shown in Table 2.2 did not reach a fully developed state.
2.5 Conclusions
We have shown experimentally that, in free-surface, inclined-plane flow of a suspen-
sion, particles migrate away from the solid surface. We have also shown that the
film thickness decreases as the fluid flows down the inclined plane until it reaches its
fully developed thickness, at some location downstream from where it began. These
results agree with modeling results.
There is not sufficient information to make conclusive statements about the par-
ticle concentration next to the free surface. This is necessary to properly model the
boundary condition at the free surface. Although the mean location of the free surface
is flat, the root mean square curvature is not zero; therefore as the work of Li and
Pozrikidis shows [13] it is possible for the free surface to push the particles away, and
therefore decrease the local particle concentration. It is important to understand the
correlation between the surface shape and the location of the particles in the flow.
This would allow the direct determination of whether the surface pushes the particles
away.
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Figure 2.18: Model solutions for various φbulk with β = 0, and C = 0.10. (a)
Model φ profile. (b) Model velocity φ dependence. (c) Evolution of h/ho. The
fully developed location of h/ho for φ = 0.10 and 0.20 occurs at 10,000 and 2,750




CONCENTRATION BAND DYNAMICS IN
FREE-SURFACE COUETTE FLOW OF A
SUSPENSION
3.1 Introduction
Despite1 its intrinsic interest to coatings applications, the interaction of a flowing
bulk suspension with a free surface has received little attention. The usual approach
in such flows has been to treat the suspension as an effective fluid in which the par-
ticles alter the rheology. Recent observations of a segregation phenomenon in the
free-surface suspension flow generated by partial filling of a concentric-cylinder shear
flow (Couette) apparatus with a viscous suspension have, however, demonstrated that
the presence of a free surface in a particle-laden flow can have remarkable effects. In
particular, we note the axial concentration banding in a partially-filled horizontal
Couette flow, recently examined for viscous flow conditions by Tirumkudulu, Tri-
pathi, and Acrivos [17], although photographs showing similar axial particle fraction
variation in the same flow geometry at much larger Reynolds number were presented
1This chapter appeared as “Concentration band dynamics in free-surface Couette flow of a sus-
pension” by Brian D. Timberlake and Jeffrey F. Morris in Physics of Fluids. (2002) 14,1580-1589
59
earlier [33]. A similar segregation has been observed in flow of a suspension partially
filling a single rotating cylinder [19, 16]. While axial segregation of dry granular ma-
terials flowing in the latter geometry is well-known, free-surface-induced segregation
in viscous suspensions occurs at vanishingly small inertia and is of a different origin.
The phenomenon of interest is the following: when a noncolloidal suspension
partially fills the annulus between the cylinders in a Couette device to leave a free
surface, rotation of the inner cylinder results in axial segregation of the suspended
particles into alternating concentrated and dilute bands. The mechanism leading to
this segregation remains an open question. In the initial observation in a Couette
device [17], the particles and fluid were equal density (neutrally buoyant), but the
occurrence of banding in free-surface flows is not limited to suspensions of neutrally-
buoyant particles as was shown in experiments using heavy particles by Boote and
Thomas [19] in a partially-filled rotating single cylinder.
Shear-induced migration in concentrated suspensions leading to nonuniform par-
ticle concentration in fully-bounded suspensions has been of considerable interest for
over a decade [8, 6, 7, 1], with some of this work specifically considering the radial
migration in wide-gap Couette flow [7, 1]. It is natural to consider that shear-induced
migration may play a role in the axial segregation under a free surface, but segrega-
tion in a partially-filled Couette device has previously been reported [17] to occur at
a particle volume fraction of φ = 0.05, and in this work has been observed to occur
in a suspension of φ = 0.01. The multiparticle interactions necessary to generate the
changes in rheology leading to shear-induced migration scale as φ2 in the dilute limit
[8, 7, 1], and a scaling analysis presented in §3.4 suggests that this mechanism would
yield a migration rate too slow to explain the observed behavior at larger φ as well.
The range of behaviors possible in the free-surface Couette flow was not clear from
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the prior study. This work aims to expand understanding by considering free surface-
induced segregation in a Couette flow under viscous-flow conditions differing in two
ways from those of Tirumkudulu et al. [17]. In that work, the bands bridged the
entire gap between inner and outer cylinder. Because our interest is in examination
of the dynamics of the bands, this bridging which restricts the motion of the bands
is undesirable. Thus we study the free-surface flow in a Couette device with a ratio
of inner to outer cylinder radii, Ri/Ro = 0.29, which is markedly smaller than the
value of 0.64 in the prior work. A photograph at a typical condition of 50% fill of the
annular space with a suspension of bulk average particle fraction φbulk = 0.2 is shown
in Figure 3.1. Second, the inclination of the entire Couette device with respect to
gravity has been allowed to vary. These changes are apparently simple ones, yet each
opens a window to dynamics previously unobserved. Reducing Ri/Ro removes the in-
terference by the outer cylinder, and also allows us to examine flows with free surfaces
of qualitatively different form. Specifically, the free surface of the suspension may ei-
ther cover the driving inner cylinder or not before flow commences, depending on
the fraction of the cylindrical annulus filled with suspension. Previously unobserved
phenomena occur at large fill fraction, meaning that the inner cylinder is completely
covered prior to flow. Here, the segregation rate becomes progressively slower with
increasing fill fraction, but the concentrated bands are eventually separated by narrow
zones essentially devoid of particles.
The most striking novel behavior reported here is due to inclination of the Couette
device. Inclination breaks a basic symmetry found in prior studies, [17, 19, 16] and
under inclination, concentration bands migrate down the axis away from the elevated
end of the device. In general, the bands are identifiable over many hours as bands
form periodically at the elevated end of the device to form a train of bands which
flow down the axis, with individual bands remaining intact for the entire transit of
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Figure 3.1: Concentration bands formed in the Couette device with inner to outer
cylinder ratio of Ri/Ro = 0.29 at a fill fraction of f = 0.50 and particle volume
fraction of φbulk = 0.2. The rotation rate is 8 RPM and the particles are neutrally
buoyant.
the device.
The following section provides a description of our experimental methods and
image analysis techniques. The number of parameters of the problem is large, and
to provide context for the conditions probed by this work, a dimensional analysis of
the suspension-flow problem in the Couette device is presented in §3.2.4. Results of
our experiments are presented in §3.3, with conclusions drawn from our investiga-
tions presented in §3.4. This final section also includes a discussion of a proposed
mechanistic basis for the onset of the segregation.
3.2 Experimental procedures
3.2.1 Suspensions and apparatus
Our experiments were performed in a concentric cylinder, or Couette, device shown
schematically in side and end views in Figure 3.2. The actual device is seen from the
side in Figure 3.1. This device consists of two concentric, 27.2 cm cylinders. The outer
cylinder is a tube of Lexan (polycarbonate plastic), and the solid interior cylinder is
stainless steel. The annulus is closed at each end by Lexan caps into which a sealed
bearing is mounted, allowing the inner cylinder to turn while the outer cylinder is









Figure 3.2: Schematic in side and end views of the Couette device. The inner
cylinder is stainless steel and has radius Ri = 0.6 cm, while the outer Lexan cylinder
has inner radius Ro = 2.2 cm, and the annulus has length L = 27.2 cm.
device can be mounted horizontally (axis perpendicular to gravity) or in an inclined
position; as seen in Figure 3.2, this inclination is defined by the angle, α, which the
cylinder axis makes with the horizontal. Angles studied were 0 ≤ α ≤ 6.5o.
The radius of the solid inner cylinder is Ri = 0.64 cm, while the outer cylinder
has inner radius Ro = 2.2 cm, and the annulus has length L = 27.2 cm. The fill
fraction occupied by the suspension is given by f = Vsusp/π(R
2
o−R2i )L; the volume of
suspension, Vsusp, in the annulus was determined from the known suspension density
and the measured mass of suspension placed into the device.
Two types of outer cylinder were used. For sufficiently small fill fraction, an outer
cylinder with four 2.54 cm by 6.2 cm rectangular holes in the top was used, allowing
easier filling and optical access to the annular region. Larger fill fractions required, in
order that suspension not spill, the use of a complete outer cylinder which was filled
through two 0.6 cm radius circular holes.
Spherical poly-(methyl methacrylate) (PMMA; ICI Acrylics) particles were sieved
to diameters in the range 2a = 250–300 µm where we introduce a for the radius. The
suspending fluid was a mixture of 76% Triton X-100 (t-Octylphenoxypolyethoxyethanol,
a surfactant produced by Sigma), 16.2% zinc chloride (ZnCl2), and 7.8% water, with
the percentages based on mass. This mixture was density-matched (ρ = 1.180 g/cm3)
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and roughly refractive index (RI)-matched to the PMMA particles (RI = 1.491 at
T = 20oC). This suspending liquid mixture had a viscosity of µ = 160 Poise at
T = 20oC. A few runs used the Triton X-100-based suspension with different ratios of
components in order to vary the ratio of fluid to particle density (ρf/ρp) from unity.
These will be noted where the results are described.
3.2.2 Particle concentration measurements
The particle concentration was measured in a limited number of experiments by di-
rect sampling of the suspension from the Couette device. A variable volume pipette
with tip manually cut to an opening of diameter 1.5 mm was used to remove ap-
proximately 0.3 cm3 of fluid from a position in the flow. The mass of the sample,
m, was determined by weighing the pipette and sample together and subtracting the
previously-determined weight of the pipette tip alone. The suspending liquid was
removed by flooding the suspension with warm water in a 20 µm sieve. The captured
particles were dried and weighed to find their mass, mp. The suspensions sampled
were made up of neutrally buoyant particles and fluid, yielding φ = mp/m. The
method was determined to be accurate to ±0.01 in the absolute value of φ based
upon sampling from known-φ suspensions.
3.2.3 Band tracking
Band positions and velocities were determined for many of the experiments from time-
lapsed video imaging of the Couette device taken for the duration of an experiment.
This video was digitally downloaded from videotape to a personal computer by video
capture card. Individual images were analyzed by an algorithm, implemented using
the Matlab Image Processing Toolbox, to determine positions of all identifiable bands,
with bands recognized by characteristic image properties. For example, at small f ,
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the concentrated bands cause an elevation of the free surface, and there is an increase
in the intensity of the light reflected from the band to the camera, relative to the
reflection from the undisturbed free surface. The algorithm was “tuned” for each
condition (for example, through the threshold level of the light intensity associated
with a band) in order that the band positions captured computationally agreed with
direct visual inspection. The information on band positions obtained in this manner
was further processed using a minimum spanning tree algorithm [34], which serves
to identify bands by finding points forming lines (straight or curved) in a space-time
plot of band positions. Once points had been grouped, groups with fewer than ten
points were discarded, as these are determined by visual inspection of the video to
be spurious in most cases.
3.2.4 Dimensional analysis
The scope of our study is limited primarily to examination of the role of f and α
upon the segregation phenomenon, with examination of limited ranges of certain other
variables. Because numerous parameters are needed to fully characterize mixture
flow in the Couette device, the number of relevant dimensionless variables needed
to describe the problem in the general case is rather large. A dimensional analysis
is presented here to delineate the factors which may influence the flow phenomena
under the conditions studied.
We study the flow of a suspension with a very viscous suspending fluid. The
bulk scale Reynolds number, ReR = ρf2πωRi∆R/µ with ∆R = Ro − Ri, satisfies
ReR < 0.1 for all conditions described and the Reynolds number based on the par-
ticle scale is much smaller, Re = (a/∆R)2ReR = O(10
−6). Inertia is thus negligible.
Particle sedimentation is negligible for the standard case of neutrally buoyant parti-
cle suspensions, although we have examined cases with weak positive and negative
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particle buoyancy. The particles are of noncolloidal scale at 250–300 µm in diameter
and are readily dispersed in the surfactant solution used as suspending fluid. Brow-
nian motion and nonhydrodynamic interparticle forces are therefore also negligible
influences.
Geometric variables include the ratios a/(Ro −Ri) and Ri/Ro, both of which are
held fixed. Also fixed for our examination of the role of f and α is the bulk particle
volume fraction, φbulk. Our studies find that banding occurs in a horizontal device
over the range 0.01 ≤ φbulk ≤ 0.40. We have not probed outside this range.
The remaining dimensionless variables for a monodisperse suspension are the frac-
tion of the annulus filled by suspension, f , the angle of inclination, α, and the ratio




where ∆ρ is the density difference between the suspension and the overlying fluid, ω
is the angular velocity of the inner rod of radius Ri, and µ is the suspending fluid
viscosity. A measure of the role of surface tension through a capillary number (viscous
to surface tension effects) or Bond number (gravity to surface tension effects) is also
needed based simply on dimensional considerations. Although it is expected that
particle motions at the free surface may be influenced by surface tension [35, 36, 37,
38, 39], we have not successfully examined this issue.
The primary variables considered here are the fill fraction, f , the angle of inclina-
tion, α, and the rotation rate of the inner cylinder, ω, typically expressed in rotations
per minute (RPM). Although the rotation rate varies the dimensionless quantity G,
results are presented only for a suspension with fixed physical properties and it is
convenient to describe the results in terms of the dimensional rotation rate.
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3.3 Results
As in prior experimental examination of free-surface Couette flow of a suspension
[17], we observe the formation of particle-rich bands separated in the axial direction
by relatively dilute regions. However, we have also observed several features of the
phenomenon not previously described, and we summarize these here. These include
bands undergoing a fluctuational motion, coalescence (two bands combine to form
one) or simple disappearance of bands, and uniform-speed axial migration of the
bands when the device is angled relative to the horizontal. We have also determined
that the banding has different regimes depending upon whether the fill fraction of the
annulus is less or greater than the fraction leading to coverage of the inner cylinder
without flow, defined as f ≡ fc with fc ≈ 0.65 for the apparatus of this study. The
banding rate slows dramatically, the bands increase in axial extent, and the number
of bands decreases for f > fc.
The focus in the investigations reported here was on the experimental character-
ization of band formation and dynamics for a range of f and inclination angle, α.
The majority of these were performed at φbulk = 0.2 and our standard rotation rate
was ω = 8 RPM; where it is not noted, these are the values used for these variables.
We begin by considering in §3.3.1 the influence of inclination angle upon the band
dynamics, followed by a consideration of the influence of fill fraction in §3.3.2; the ex-
periments which probed these dependencies are numerous and appear to adequately
demonstrate the range of behaviors. We have also examined in more limited studies
the influence of varying the rotation speed of the driving cylinder, the role of weak
particle buoyancy, and the spreading of a drop of suspension; the latter study was
performed to gain insight to drainage flows of suspensions. A brief description of
results from these experiments is presented in §3.3.3.
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3.3.1 Influence of inclination angle, α
Our experiments have shown that for appropriate conditions, the concentrated bands
form and move at nearly constant speed, v, down the axis of the Couette for inclination
angles 0.8o ≤ α ≤ 5.3o. In general, as shown by Figure 3.3 for φbulk = 0.2, f = 0.50,
and ω = 8 RPM the speed increases with increasing angle. At each value of α, several
points are plotted. The velocity points plotted each correspond to the velocity of a
particular band; because the band velocity varied slightly with time and with location
of the band in the Couette, several fairly-closely grouped values of the velocity are
found for a single experiment. At α > 5.3o, bands are no longer observed to form.
However, at these large angles, particles concentrate at the “lower” end of the Couette,
i.e., at the end where the fluid is deeper. For α = 6.5o, f = 0.50, and a bulk
fraction of φbulk = 0.2, the steady-state concentration was measured at a several
points along the axis, with the results shown in Figure 3.4. It should be noted that
for angles sufficiently large, α > 4.5o, the inner cylinder is raised completely out of
the suspension at its elevated end and the process of band formation and motion is
clearly altered. This is the reason for the break in the linear increase of v with α seen
in Figure 3.3, but it is important to emphasize that even for angles 4.5o < α < 5.5o
bands continuously formed over the leftmost wetted portion of the inner cylinder.
From image analysis of the time-lapse video, the band positions have been identi-
fied. We consider first the band dynamics for zero and very small inclination angles.
The axial positions of all of the identified bands as functions of time, Z(t), are seen
in Figure 3.5 (a) and (b), respectively, for representative experiments at α = 0 and
α = 0.4o. All cases for which results are presented in Figure 3.5 are at φbulk = 0.2,
f = 0.50, and ω = 8 RPM. In the case of zero inclination, α = 0, the particle-rich
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Figure 3.3: Measured band velocity as a function of the incline angle α, for the
conditions φbulk = 0.2 and f = 0.50, and inner cylinder rotation rate of 8 rota-
tions/minute. The velocity plotted is the velocity of a particular band. The range of
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Figure 3.4: Measured particle fraction along axis at α = 6.5o for the conditions
φ = 0.2 and f = 0.50, and inner cylinder rotation rate of 8 rotations/minute. Here,
“front” is defined as the side of the device on which the cylinder surface moves up,
while “back” is defined as the side of the device on which the cylinder moves down.
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Figure 3.5: Diagrams showing the concentration band positions as functions of time
in the (a) horizontal Couette (α = 0), and at inclination angles of (b) α = 0.4o, (c)
α = 2.0o, and (d) α = 3.3o. Time was set equal to zero when the presence of bands
was first observed. In all cases, the suspension is at φbulk = 0.2 and the inner cylinder
rotates at 8 rotations/minute.
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is biased by the fixed endcaps (in a manner we do not understand), but in the center
of the device the bands undergo an unbiased oscillatory motion with a characteristic
time of 60–80 minutes; the motion is not sufficiently regular to define a period, as
seen in Figure 3.5 (a). Similar oscillatory motion is observed for small angles, but is
accompanied by an average motion of the bands from the elevated to the lower end of
the device. Note also that there is correlation between the motions of adjacent bands;
for example, consider t = 200–500 minutes in Figure 3.5 (b), which illustrates the
band dynamics for α = 0.4o. As noted the endcaps play a role, and for both α = 0
and α = 0.4o, the tendency of the particle-rich bands to move toward and “die” at
the ends of the device is evident. In the case of α = 0, the bands near the center of
the apparatus (between Z = 10 and 20 cm) last essentially for the entire experiment,
of duration greater than 24 hours, while those near the ends of the Couette are seen
to form, migrate toward the wall, and vanish in one to four hours. At α = 0.4o, the
migration of bands on average is down the incline, but is far from uniform for bands
at different axial positions. Bands at the low end (to the right in the diagram) are
observed to migrate much more rapidly than those at the elevated end, and as a result
vanish into the boundary. This difference in the axial speed of the bands, coupled
with the fact that bands vanish as they encounter the end cap, results in gaps larger
than what may be termed the “natural” spacing of the bands, and new bands form
between existing bands. This event is readily apparent in a video image, and can
be seen in Figure 3.5 (a) at (Z = 9, t = 420) or (Z = 12, t = 500), and in (b) at
(Z = 14, t = 260) or (Z = 14, t = 350).
We turn now to larger angles of inclination. For 0.8o ≤ α ≤ 4.5o, the bands
migrate at a rate which is seen from Figure 3.3 to be roughly linear in α: v ≈ kα
with k ≈ 5 (cm/h)/degree of inclination. The band positions as a function of time
for α = 2.0o and α = 3.3o are shown as Figure 3.5 (c) and (d), respectively. It is
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important to note that the bands are separate and do not form a continuous spiral
structure. These plots illustrate that regular band formation occurs at the elevated
end of the apparatus (left in the diagram) followed by regular motion of the bands
toward the lower end. As the bands move down axis at these values of α, the interband
spacing remains nearly constant, which is evident from parallel lines formed by the
sequential positions of adjacent bands in Figure 3.5 (c,d). This spacing is found to
decrease as α increases.
To conclude, we note that observation of the complete dynamics in this flow re-
quires, in general, experiments of many hours duration. Both the band fluctuational
motions at small α and the slow evolution of the bulk concentration field at large α
take place over many cylinder rotations. For intermediate α, relatively short experi-
ments provide information on the band formation and motion down the axis, although
as the experiments progressed the appearance of new bands near Z = 0 occurred at
slightly longer intervals. This result is thought to be attributable to an apparatus-
scale variation of the concentration similar to but weaker than that illustrated by
Figure 3.4 for α = 6.5o. It is interesting to take note of this last observation from a
different perspective: despite the motion of the bands, there is only a very slow net
transport of particles toward the shallow end of the device.
3.3.2 Influence of filling fraction, f
We begin consideration of the influence of fill fraction by noting that the banding
behavior depends qualitatively upon whether there is suspension completely covering
the inner cylinder in the absence of flow. Note that all results in this section are for
the horizontal configuration, α = 0. For f < 0.65, the free surface of the mixture at
rest lies below the topmost point on the inner cylinder, and the film formed over the
inner cylinder is due entirely to the flow. The depth of the suspension over the inner
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cylinder in the absence of flow, as a function of f , is illustrated in Figure 3.6 (a).
As f increases beyond f ≈ 0.65, the number of bands decreases, the width of a
band increases, and the number of rotations required for band formation increases
dramatically. To illustrate the difference in the band structure, bands formed at
f = 0.50 and f = 0.90 are illustrated in Figure 3.6 (b) and (c), respectively.
The observed range in number of bands as a function of f is plotted in Figure
3.7; the number of bands fluctuated during the course of an experiment and thus a
range is plotted. For f = 0.50, eight to eleven bands are present, while at f = 0.90
only three bands form. The abrupt change in number of bands occurs at f ≈ 0.65, a
value distinguished by the fact that the inner cylinder is just covered by suspension
at f = 0.65 in the absence of flow, as illustrated in Figure 3.6 (a). For this reason
and its impact on the observed banding, we define fc = 0.65 as a critical fill fraction
for Ri/Ro = 0.29.
The concentration banding structure for f > fc is qualitatively different from that
observed for small fill fraction. The concentrated bands are wider, and for f > 0.8,
the regions between the bands are swept essentially free of particles after two to three
days at 8 RPM (over 25,000 rotations). A similar complete removal of particles from
the dilute regions is observed for certain parameters in the segregation associated with
suspension in a partially-filled and rotating single cylinder4. For the Couette flow at
Ri/Ro = 0.29 in this work, this is in sharp contrast to the dilute regions formed for
f < fc. For f < fc, the concentrated bands are at φ well above φbulk, but because
of the narrowness of these elevated-φ regions, it is possible for the “dilute” regions
to differ little from the bulk average concentration: we have made measurements of
φ = 0.35 within a band for φbulk = 0.2, while the separating regions were measured
























Figure 3.6: In (a) is a plot of film thickness (when the inner rod is not rotating)
above the inner cylinder of the device at several f ; fc = 0.65 is the fill fraction at
which the suspension just covers the inner cylinder. Photographs of bands at f = 0.50
and f = 0.90 at φbulk = 0.2 and ω = 8 RPM are shown in (b) and (c), respectively.
The bands in (b) are observed after roughly 200 rotations of the inner cylinder, while
those in (c) were first observable after approximately 25,000 rotations, and the image
















Figure 3.7: Number of bands observed for the Triton X-100/ZnCl/water suspension
as a function of fill fraction for φbulk = 0.2 at an inner cylinder rotation rate of 8
RPM. The symbols indicate the range of number of bands observed at a given f .
The characteristic time for band formation and fluctuational motion is also af-
fected by fill fraction. It was noted above in the discussion of Figure 3.5 that the time
required for accessing the full dynamics of the bands was many hours at small fill
fraction, and this timescale increases dramatically for f > fc. Considering a suspen-
sion of φbulk = 0.2, for f = 0.50 bands are clearly apparent after about 200 rotations
of the driving inner cylinder at a rotation rate of 8 RPM. By contrast, for the same
volume fraction at f = 0.90 and 8 RPM, there was no observable concentration vari-
ation after 12,000 rotations (roughly one full day), definite bands were observed only
after 25,000 rotations (two full days into the experiment), and φ in the dilute regions
continued to decrease until it was essentially zero (after four days). The band motions
described in §3.3.1 for f < fc are not observed at elevated f . For 0.5 < f < 0.7, the
bands are found to migrate at α = 0, but this motion subsides rapidly with further
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increase in f . For f > 0.8, the bands do not move measurably even over experiments
of several days duration at the standard driving rate of 8 RPM.
3.3.3 Other results
Finite α at f > fc: The behavior at small incline angle for high fill fraction was
considered. This provided a test of the role of the film depth in the segregation
process. At α = 0.7o and f = 0.75, the free surface lay above the inner cylinder at all
axial positions before flow commenced, but the minimum depth of suspension over
the cylinder at the elevated and lower ends was equivalent to that in a horizontal
Couette where f
.
= 0.7 and f
.
= 0.8, respectively. The expectation based upon
arguments presented in prior work [16] was that bands would form, if at all, first at
the elevated end of the device where the “film” was of least depth. A single band
was, in fact, observed at the elevated end of the device within roughly 300 rotations
of the cylinder. This band became more pronounced over the course of an hour and
another band formed toward the opposite end of the device after several hours. These
bands did not, however, migrate down the axis.
Rotation rate: At α = 0, f = 0.5, and φ = 0.2, the rotation speed was found
to have the effects summarized in Table 1. The most notable variation occurred in
the range ω = 4–6 RPM, as the time for band formation was much larger at the
slower rate and the number of bands was seven at ω = 4RPM and increased to 12 at
ω = 6 RPM. The formation time is an estimate based on the ability to clearly identify
concentration bands on the videotape of the flow. The number of cylinder rotations
for the formation of bands at 4 RPM was found to be over an order of magnitude
larger than at 6 RPM (∼ 1900 to ∼ 160 rotations). Furthermore, the band structure
for the lower rotation rate continued to evolve for a further ten hours after the bands
were initially observed. The number of bands was found to be essentially constant
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throughout an experiment for the 4 and 6 RPM conditions, but became quite variable
as the rotation speed was increased to ω ≥ 8 RPM and is reported in Table 3.1 as
the observed range.
It is important to note that along with the abrupt change in segregation rate from
ω = 4 RPM to ω = 6 RPM, there is a qualitative change in the band structure. At the
slower rate, the bands are similar to those formed at large fill fraction, f > 0.65 (see
Figure 3.6 (c)), with broad concentrated bands separated by relatively narrow and
very dilute regions. This change in behavior is apparently related to the fact that the
drainage from the inner cylinder is more thorough at the slower rate. This results in
a very thin film of the suspension on the inner cylinder, apparently too thin for band
formation processes to occur as the bands are observed to form throughout the entire
radius of the annulus (from Ri to Ro) at ω = 4 RPM, rather than directly adjacent
to the inner cylinder as seen at the higher rates. The mechanism which drives the
axial migration is thought to depend upon gravity-driven flows caused by variations
in surface elevation, as discussed in §3.4. The rotation rate has a visible influence on
the thickness of the film on the inner cylinder, although we have not measured the
thickness. A plausible argument for the similarity in structure of bands at the slow
rate and f = 0.5 with that at f > 0.65 (and the relatively slow formation in both
cases) is that these situations involve formation of bands over a relatively deep fluid
layer rather than within a thin film. In the case of small ω at f = 0.5, the deep fluid
is that in the annular region.
A comparison of the role of ω seen in this work with prior observations shows
that the separation between the bands in a Couette device with Ri/Ro = 0.64 was
found by Tirumkudulu et al [17] to increase with rotation rate, and the same trend
was seen in the banding in a single cylinder by Boote and Thomas [19]. The latter
study was at a larger Reynolds number. For ω = 4 – 6 RPM, we observe the opposite
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Table 3.1: Summary of band formation time and number of bands, reported as the
complete range observed when variable, as a function of inner cylinder rotation rate,
for φbulk = 0.2, f = 0.5, and α = 0.
Rotation rate, Band formation Number of








trend, but as noted there is a change in band structure in this range of ω. For ω ≥ 6,
our results show a trend similar to the earlier work, as the “average” separation
between concentrated bands is observed to increase slightly with the driving rate: for
a substantial fraction of the time the number of bands is at the lower end of the range
shown. Due to the variation of number and the band motions described in §3.3.1,
however, assignment of a single separation distance at a condition is not performed.
Non-neutral buoyancy: By altering the ratios of components, the liquid density
was varied while keeping the viscosity roughly constant. The particles were the same
PMMA particles used in all of the experiments. At the standard 8 RPM conditions
and φbulk = 0.2 at α = 0, slightly less dense particles (ρf/ρp = 1.38) result in a
behavior indistinguishable from that neutrally buoyant particles, while in our Couette
geometry a weak excess particle density (ρf/ρp = 0.89) at the same conditions noted
just above results in formation of bands which then detach from the inner cylinder
and settle to the bottom of the annulus.
Spreading of a suspension drop on a wetted surface: The banding leads to elevated
portions of the free surface, and prior work [16] has suggested that fluctuations of
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the free surface could be a factor in the segregation behavior. These fluctuations
could be due, for example, to viscosity variation caused by temperature of particle
fraction variation. Such fluctuations lead to gravity-driven (drainage) flows for which
there is little understanding in the case of suspensions. To gain some insight, simple
experiments on the spreading of a suspension drop were performed, using a suspension
of neutrally buoyant particles and fluid. In these experiments, the Triton X-100
suspending fluid is dyed very dark purple (RIT liquid dye, Wine 10) and the particle
surfaces are dyed black (RIT liquid dye, Black 15). The PMMA particles used were
in this case not from a narrowly sieved fraction and the diameters ranged roughly
from 100–300 µm, with the majority of the volume in the 250–300 µm fraction. To
examine the potential role of diffusion of dye, a drop of the dyed suspension was
introduced from a wide-mouthed syringe below the surface in a volume of the undyed
suspension. Because the dyed and undyed suspension were equal density, spreading
was by diffusion only and was negligible compared with the spreading observed due
to flow in the experiment described below.
A drop of dyed suspension, volume approximately 0.1 cm3, is dropped from an
orifice at a height of two centimeters onto a horizontal plate covered by a thin (sub-
millimeter) flat film of the clear (undyed) suspending liquid only. The viscous drop
lost its inertia almost immediately upon impact. The subsequent spreading behavior
is illustrated by the sequence of images presented in Figure 3.8. These images are
taken from a fixed vantage and focal point, with the first image shown, labeled by
time T = 0 s, taken at the instant the image first came clearly into focus (after per-
haps one second during which the initial curvature of the drop surface is reduced by
spreading). This first image illustrates the rapid formation of a leading “foot” of the
dyed suspending liquid, which is observed as a dark region advancing ahead of the
particles. In the subsequent images, the region of clear fluid advances progressively
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Figure 3.8: Sequence of four images in the spreading of a dyed drop of the Triton
X-100 suspension, of φ = 0.2, on a thin film of the suspending fluid. The times at
which the images were taken are shown relative to an arbitrary zero time for the
upper left image. The dark region free of particles results from the spread of the dyed
suspending liquid.
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further ahead of the particles, which also continue to spread. The characteristic dis-
tance between the fronts of the particle and fluid components of the drop is 600 µm,
1000 µm, 1400 µm, and 2000 µm (2 mm), respectively, in the four images taken at
0, 6, 18, and 91 s. The advancing of the liquid front ahead of the particles indicates
that there is “differential drainage” in the thin film: the film-averaged velocity of the
particles is smaller than that of the liquid in the direction of spread. This differential
drainage is discussed in connection with a proposed mechanistic basis for the onset
of the banding segregation in the following section.
3.4 Discussion
Particle segregation in the Couette device is caused by repeated exposure of the
suspension to a free surface. Our examination of this phenomenon has focused upon
the role of fill fraction and angle of inclination, as we have sought to explore the
behavior under conditions previously unstudied. Introduction of inclination breaks
a basic symmetry of the system relative to prior studies, and the dynamics at finite
inclination include a highly regular down-axis motion of evenly-spaced bands. The
observation of this regular motion of long-lived bands prompted consideration of
the general characteristics of the band motions, and the bands have been shown to
undergo sustained fluctuational motion in the horizontal device.
Such fluctuational motions of the concentrated bands have not been described
previously, and this may be related to the geometry of the Couette device used. The
device used for this work was a wide-gap Couette of radius ratio Ri/Ro = 0.29,
and while we find qualitative behavior similar to that found [17] at Ri/Ro = 0.64, the
bands formed have a different appearance at small fill fractions, being narrow, directly
adjacent to the inner cylinder rather than spanning the annulus, and separated by
regions only slightly diluted relative to the mean φ of the suspension in the device of
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smaller Ri/Ro. Because of the small ratio of Ri/Ro, there was no bridging of the gap
by suspension over the inner cylinder as seen in prior work in this geometry, leaving
the free surface relatively undisturbed by the outer wall. Of most significance from
our perspective, the use of the smaller Ri/Ro allowed examination of the flow for a
range of values of the fill fraction both above and below the value of f which provides
complete coverage of the inner cylinder, specifically fc = 0.65 in the stationary device
used in this work.
The summary observation is that fc separates two regimes of behavior; the change
from low fill fraction behavior to high fill fraction behavior is centered very near
f = 0.65 at α = 0 under our standard conditions (φbulk = 0.2 and driving rate of
8 RPM). While this may change with rotation rate, φbulk, and fluid properties, the
primary influence appears to be related to the thickness of the “film” of suspension
covering the inner cylinder. At f < fc, this film is generated by the cylinder carrying
the suspension over to the opposite side of the device and thus drainage competes
with the driving rotation to establish a film thickness. This thickness is generally
thinner than the film depth generated in the case when f > fc. There appears to
be a lower limit to the film thickness for which the banding occurs due to flows on
the inner cylinder; very slow rotation rates at f < fc result in a very thin film and
banding occurs in the entire radial extent of the annular region rather than on the
rotating cylinder.
The flow is also influenced by fill fraction: for f < fc the fluid is forced to return
predominantly under the cylinder rather than flowing over the driving cylinder. This
flow effect and its coupling to the particle fraction certainly warrants further study,
as this flow has has been shown to be a factor in the centrifugal instability leading
to recirculation eddies and pattern formation of pure liquids in the partially-filled
Couette geometry [40, 41]. However, our studies are at vanishing inertia and the
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results obtained for varying f and α have shown that banding occurs for a range of
base state flows in the cylinder. Hence, we do not believe the banding results from
instability of the subsurface flow.
In regard to the cause of the banding, it has been suggested [19, 42, 43] that shear-
induced migration is the mechanism leading to the segregations. A scaling analysis
shows that for the migration distances in the Couette flow, which are comparable to
the inner cylinder radius, the time required is t ∼ R2i /Dsh, where Dsh = γ̇a2D(φ)
is the shear-induced diffusivity and D(φ) is a dimensionless function of particle frac-
tion. Simulation and experiment have been performed to determine D and an upper
estimate from experimental work [44] (smaller values are found in simulation [45])
for the component in the vorticity direction Dzz(φ = 0.2) ≈ 0.02. The shear rate in
the thin film is estimated as ∆ρgh/µ. The particles are of maximum radius 150 µm
and the film prior to banding is at most h = 0.2 cm in thickness for the eight RPM
conditions, while the pure fluid viscosity is used (thereby overestimating the shear
rate). We will use the full gravitational acceleration, and will assume the suspension
is subjected to driving shear rate at all times; both choices overestimate the rate of
migration, as the film is vertical only at isolated points, and the suspension is in the
film only about half of each rotation. With these numbers, we find that t ∼ 6× 104
s, or almost 17 hours, during which time the cylinder would undergo roughly 8,000
rotations at ω = 8 RPM. Development of bands occurs in about 200 rotations in
most cases for f < fc (see Table 1), a factor 40 times more rapidly than predicted
by shear-induced migration. We further note that migration is observed in a suspen-
sion of φbulk = 0.01 after several hours of shearing (at 8 RPM) in the Couette at
f = 0.5, and the procedure above yields an estimate for shear-induced migration on
the order of several hundred hours, an estimate too large by two orders of magnitude.
Hence, there is strong evidence against shear-induced migration as the mechanism
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responsible for the observed segregation.
Experimental results from this work suggest that the minimum film depth is a
controlling factor in the rate and structure of the observed banding. For fill fractions
f < 0.65 in which the film is thin at the driving rates of this study, about ten narrow
bands of elevated φ are formed within 200 rotations of the inner cylinder, with the
intervening regions only slightly diluted relative to φbulk. The bands formed at these
low fill fractions are mobile, and their positions fluctuate, leading to coalescence and
vanishing at the axial endcaps at zero inclination, α = 0. For small values of α,
the band formation rate and migration speed are observed to be regular. As the
fill fraction increases beyond fc = 0.65, the timescale, or number of rotations of the
driving cylinder, required for banding increases rapidly. From less than 200 rotations
to establish bands at a characteristic low fill fraction of f = 0.50, the number increases
to about 4000 at f = 0.71, and to at least 25,000 rotations at f = 0.90. At large f ,
the concentrated bands become wider and the dilute regions, as seen in Figure 3.6
(c), tend toward φ = 0. The behavior for f > 0.90 remains unknown. An experiment
at a fill fraction of f = 0.95 was driven at 25 RPM in hopes of reducing the required
experimental duration, but was stopped when no observable effects had been observed
after 75,000 rotations.
The mechanistic basis which appears most plausible for the earliest stages, or
onset, of axial segregation to concentrated bands is differential rates of drainage of
particles and fluid by gravity-driven flows when a fluctuation in surface elevation
occurs. We interpret this argument to be consistent with the discussion of banding
segregation in the partially-filled single cylinder presented by Tirumkudulu et al.
[16]. In that study, the particle size relative to the film thickness in the drainage
flow down the cylinder wall was noted to be a controlling factor in the degree of
segregation. The central idea upon which the mechanism rests is that gravity-driven
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flow in a thin film of suspension over a solid surface will discriminate between the
solid and liquid phases, i.e. the fluid and particle phase film-averaged velocities will
differ. Results of the drop spreading experiments described in §3.3.3 support this
argument. If we consider fluctuations of the free surface of a Couette flow along the
cylinder z-axis of form δh = ε · cos(z/λ) in a suspension of uniform φ, the more rapid
fluid drainage would result in a slight elevation of the local φ at the crests of the
fluctuation. Such a mechanism is self-propagating in that the increase in φ will lead
to an increase in the local effective viscosity of the suspension at this position, which
will cause the free surface to be elevated as the fluctuation passes through the surface
again on the next rotation (the increase in effective viscosity decreases the value of G,
and gravity effects are weakened relative to viscous flow). The primary factors which
cause “differential drainage” of the phases appear to be the following: (a) the layer
of material directly adjacent to the free surface is liquid if the particles are wetted,
and has the largest gravity-driven velocity, and (b) the motion of a particle within
a thin film will be hindered by the presence of the solid (and to a lesser degree the
free) surface. Both factors will result in fluid flowing ahead of the particles in an
experiment such as the drop-spreading tests described in §3.3.3. Both factors also
have relatively less influence at film depths which are many times the particle size.
For this reason, the segregation is expected to be most rapid in regions of small film
depth, and under limited testing we find this expectation holds. As noted in §3.3.3,
at f = 0.75 and small inclination, banding occurs rapidly in the elevated end of the
Couette where the film is shallow, while the bands appeared much later in sections
of the Couette at greater depth over the inner cylinder.
The arguments above are only intended to hold for the onset of the segregation.
The subsequent evolution of the band structure involves secondary flows owing to
the complex structure of the particle fraction field, which in recent work by Thomas
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et al. [42] on the single cylinder banding segregation has been shown to exhibit
a “triplet” band structure where an individual concentrated band is made up of a
central and two side bands. While this structure is not seen in the Couette flow, the
flow becomes three-dimensional when the particle concentration varies axially, and in
our experiments we have observed—after the banding is well-developed—pronounced
extensional flows which pull suspension into the bands on the upflow side of the
driving cylinder. Further study is planned to describe the full three dimensional flow.
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CHAPTER IV
FILM DEPTH AND CONCENTRATION
BANDING IN FREE-SURFACE COUETTE
FLOW OF A SUSPENSION
4.1 Introduction
This work1 considers phenomena observed in the free-surface flow of a suspension.
Suspension flow with a free surface occurs in the coating of paper with kaolin sus-
pension to obtain a glossy surface [46], as well as in the very different application
of bioreactors [33]; in the latter case, the suspended materials include cells and the
continuous flow adjacent to the free surface provides oxygen for the growth and/or
replication process in a low-shear environment. There are a range of conditions in the
various applications and thus there is motivation to develop fundamental understand-
ing of the behavior of a suspension at a free surface in order to facilitate engineering
design.
The presence of a free surface for a liquid flow adjacent to gas is well-known to
1This chapter appeared as “Film depth and concentration banding in free-surface Couette flow
of a suspension” by Brian D. Timberlake and Jeffrey F. Morris in Philosophical Transactions of the
Royal Society of London A. (2003) 361,895-910
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be associated with the Kelvin-Helmholtz and Rayleigh instabilities [47], water waves
[48], and numerous other phenomena. In the case of a suspension flow with a free
surface, similar phenomena clearly remain possible, but particle interaction with the
free surface also introduces the possibility for instabilities involving the concentration
of suspended solids. The point to be taken from this is that the instabilities may
affect not only the interface shape, but also induce changes in the material properties
which depend upon the concentration. The interest here is in such instabilities which
have been observed in rotating flows of free-surface suspensions. Specifically, we are
interested in a phenomenon observed in the geometries of partially-filled concentric
cylinders with the inner cylinder driving the flow [17, 18] and a partially-filled single
rotating cylinder [19, 16]; in each geometry, an axial segregation of particles into
bands alternately rich and dilute in particles has been reported. This variation of the
local particle volume fraction, φ, gives rise to an axially-varying effective viscosity of
the suspension, ηs(φ), after the instability is established. The present work examines
the Couette geometry, schematically illustrated in Figure 4.1, considering a particle
volume fraction of φ = 0.2 in all experiments described, while varying other system
parameters.
The film formed over the inner cylinder under flow (or present without flow, at
sufficiently large filled fractions of the annulus) has been, both by the present authors
[18] and others [16], suggested to play a role in the segregation. Consequently, we
focus in this work upon providing measurements of film thickness, and relating this
thickness to other features such as the band formation time in the concentric-cylinder
free-surface flow. Our results show that the film thickness indeed plays a quantifiable
role in the band formation process, but that role is not one which can be stated
independent of other variables, including the inclination and rotation rate. Beyond
providing the first quantitative results on the film thickness and its correlation to
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banding time, we also present results which show that the film evolves with time
prior to banding The experimental techniques and results are presented in §4.2.
The banding phenomenon in the Couette device involves a complex flow influenced
by many parameters, and appears to require repeated exposure to the free surface.
This latter feature leads to the need for the cyclic flows in which it has appeared,
and we have yet to find a simpler flow geometry in which banding occurs. We have,
however, developed a physically-based model requiring phenomenological input to
describe the concentration evolution in thin films which we feel captures features of
the initial stages of the segregation process. The mechanistic basis of this model was
described previously in Chapter 3, and relates the onset of segregation to fluctuations
in the surface elevation; these fluctuations are presumably driven by fluctuations in
viscosity through the variation of particle fraction or perhaps, at sufficiently small φ,
temperature. The concept underlying the mechanism is that there is a deviation in
velocity between the phases in gravity-driven flow caused by the fluctuations in surface
elevation. The deviation in phase velocities was demonstrated for the spreading of
a drop of suspension in Chapter 3. This difference in velocities we have termed
a “differential drainage” flow. The model, described in §4.3, gives rise to a set of
coupled equations for volume fraction, axial velocity, and variation of the film depth.
We summarize the work in §4.4.
4.2 Experiments
4.2.1 Apparatus, materials and methods
Experiments were performed in concentric cylinder, or Couette, devices shown schemat-
ically in side and end views in Figure 4.1. The devices consist of two concentric cylin-
ders. The outer cylinder is a tube of Lexan (polycarbonate plastic), and the solid









Figure 4.1: Schematic in side and end views of the Couette device. The inner
cylinder is stainless steel and has radius Ri = 0.64 cm, Ri = 0.95 cm, or Ri = 1.27
cm, while the outer Lexan cylinder has inner radius Ro = 2.22 cm, and the annulus
has length L = 27.20 cm. All experiments use a volume fraction of φ = 0.2.
into which a sealed bearing is mounted, allowing the inner cylinder to turn while the
outer cylinder is stationary. The cylinder motion is driven by a 1/4 horsepower feed-
back controlled electric motor (Dayton, model 1L497); rotation speed was accurate to
±0.007 rotations per minute (RPM). The device can be mounted horizontally (axis
perpendicular to gravity) or in an inclined position; as seen in Figure 4.1, this incli-
nation is defined by the angle, α, which the cylinder axis makes with the horizontal.
The radii of the solid inner cylinders used for this study were Ri = 0.64, 0.95, and
1.27 cm, while the outer cylinder has inner radius Ro = 2.22 cm, and the annulus
has length L = 27.20 cm. The majority of experiments in this work were performed
using Ri = 0.64 cm, for which Ri/Ro = 0.29; this quantity varies from 0.29 to 0.58 in
our studies (prior work by Tirumkudulu et al. [17] was performed at Ri/Ro = 0.64).
The fill fraction occupied by the suspension is given by f = Vsusp/π(R
2
o − R2i )L; the
volume of suspension, Vsusp, in the annulus was determined from the known suspension
density and the measured mass of suspension placed into the device.
Spherical poly-(methyl methacrylate) (PMMA; ICI Acrylics) particles were sieved
to diameters in the range 2a = 250–300 µm where we introduce a for the radius. A
group of experiments was performed with particles of maximum diameter 106 µm.
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The suspending fluid was a mixture of 76% Triton X-100 (a surfactant; Union Car-
bide), 16.2% zinc chloride (ZnCl2), and 7.8% water, with the percentages based on
mass. This mixture was density-matched (ρ = 1.180 g/cm3) and roughly refractive
index (RI)-matched to the PMMA particles (RI = 1.491 at T = 20oC). This suspend-
ing liquid mixture had a viscosity of η0 = 160 Poise at T = 23
oC. A particle volume
fraction of φ = 0.2 was used in all of the experiments described in this work.
The rotation rate was varied from ω = 2–16 RPM in this work. The bulk scale
Reynolds number under the largest rotation rate was much less than unity, and thus
inertia is negligible.
4.2.1.1 Film thickness and interface shape
The film thickness under flow was determined by video imaging. For most of the
experiments, this was performed by mounting the camera on the same horizontal
plane as that containing the film surface, and orienting the camera with its focal axis
perpendicular to the axis of the cylinder. The distance per pixel was determined
by observing an object of known size before beginning the experiment. The film
thickness was calculated by determining the number of pixels between the surface
in the current picture and the inner cylinder at the beginning of the experiment.
We report instantaneous film depths for purposes of visualization of the structure of
bands. However, for the film depths characteristic of a given condition, the measured
film depth was averaged over one or more cycles of the cylinder rotation to eliminate
the influence of slight asymmetries apparent even in the absence of the suspension;
these result from imperfections in the device including slight noncircularity of the
inner cylinder.
The interface shape has also been investigated. For this study, a laser light sheet
was projected onto the free surface perpendicular to the cylinder axis and the position
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from which the light was reflected was recorded by a CCD camera looking along the
axis. From this, the interface of the air-suspension interface was determined as a
function of position for different rotation rates. The location on the interface of a
stagnation point is also readily found from observation of a sequence of these images
and the stagnation points are reported along with the interface shape.
4.2.2 Results
As in prior work with suspensions in free-surface Couette flow we observe the for-
mation of particle-rich bands separated in the axial direction by regions which are
relatively dilute in particles. We have observed several features of the film thickness
over the inner cylinder, a quantity of particular interest to the band formation pro-
cess, which have not previously been reported. The bulk of the results here represent
quantified visualization information, but we also present results of the band formation
time for roughly a decade of rotation rates (ω = 2–16 RPM) for the smaller inner
cylinder. The film thickness prior to and immediately after bands form is reported,
as are limited results on the interface shape as a function of rotation rate.
The shape of the free surface over the inner cylinder was determined using a
laser light sheet, and can be seen in Figure 4.2. For sufficiently low fill fraction, a
stagnation point is observed on the free surface. It is not currently known for what
large value of f this stagnation point ceases to exist. Writing the distance from the
cylinder axis in the horizontal plane as r and the elevation from this plane as y (both
reported in cm), the stagnation point for f = 0.51 occurs at (r, y) = (1.02, 0.06) for
ω = 4 RPM and at (r, y) = (1.34, 0.11) for ω = 16 RPM; both points are identified
in Figure 4.2. This information was determined by visual inspection of the video of
the laser sheet over the free surface. In the video there is a point on the surface from






















Figure 4.2: Elevation of the free surface prior to onset of band formation, at f =
0.50, φ = 0.2, and ω = 4 RPM and 16 RPM. Rotation of the inner cylinder is counter-
clockwise in this view. The stagnation points are marked by a solid circle for ω = 4
RPM and by a solid square for ω = 16 RPM.
stagnation line traversing the length of the device. The stagnation line exists because
there is a reverse flow in the suspension: the stagnation line divides material which
flows over the inner cylinder from that which follows the reverse flow. Apparently
there is insufficient flow over the inner cylinder and thus the added elevation on the
“upflow” side of the cylinder drives a reverse flow (opposite in sense to the driving
cylinder motion) near the outer cylinder. The reverse flow in a partially-filled Couette
at finite Reynolds number was considered by Normand, Mutabazi and Wesfried [41].
Bands are observed to form initially in the elevated region on the upflow side of the
inner cylinder, lying to the right in Figure 4.2, slightly closer to the cylinder than the
stagnation point.
Bands form first next to the end caps and soon thereafter are observed throughout
the device. The measured film depth along the uppermost surface of the inner cylinder
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Figure 4.3: Instantaneous film depths over the uppermost surface of the inner
cylinder in an inclined condition, with Z = 0 representing the position of the end
cap at the elevated end of the device: (a) immediately after flow begins for α = 2o,
f = 0.5, φ = 0.2, and varying ω; and (b) as a function of time for α = 2o, f = 0.5,
and ω = 8 RPM. Time in (b) is measured from the first sign of a band rather than
the time from when the inner cylinder was set in motion. In this view the top of the
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Figure 4.4: Diagram showing band locations for the conditions φ = 0.2, ω = 8 RPM,
and f = 0.5 identified by the method described in Chapter 3. The axial position from
the endcap of the device at the elevated end is given by Z and time is measured from
commencement of the flow. Note the nearly periodic appearance of bands at Z ≈ 2.5
cm.
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4.3 (a), and we note that it has negative curvature, a point we shall consider in §4.3.
In the inclined operation, it is in this region where the interface is curved due to
interaction with the endcap that initial band formation occurs. The formation occurs
regularly in this case between the end cap and a down-axis location where the film
thickness reaches its uninfluenced center value. This location is at Z ≈ 3.0 cm for all
rotation rates investigated.
The film thickness as a band grows, while the device is inclined, can be seen in
Figure 4.3 (b). In this case, a band begins to form at Z = 2.5 cm, at a time arbitrarily
denoted t = 0, and begins to migrate down axis due to the inclination of the device.
At t ≈ 440 s, the band has migrated to a location more than 4 cm from the endcap.
Once the band has migrated sufficiently down axis, a new band forms at about the
same position, and migrates in the same manner; this process is repeated indefinitely.
The process is visualized in Figure 4.4, which presents a diagram of the positions
of bands with respect to time and axial position. The method used to obtain this
information in automated fashion from the video is outlined in Chapter 3.
When the device is not inclined, bands form without a directed migration. The
film thickness as a band grows, with ω = 12 RPM, α = 0 and f = 0.51, is illustrated
in Figure 4.5. From the time the band is first visually observable, approximately 100
seconds pass before the band reaches its final height.
The mean film thickness is found to grow monotonically until bands form, as
illustrated for four rotation rates in Figure 4.6 (a). The variation occurs over many
rotations of the driving cylinder, and thus is not a transient which can be explained
by pure fluid behavior. This phenomenon thus raises a number of new possibilities for
the banding phenomenon as it suggests that, prior to the banding, there is a radial
segregation counter to particle migration in a full wide-gap Couette device [5, 6, 1]. We
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Figure 4.5: Film depth over the uppermost surface of the inner cylinder, as a band
grows, for α = 0, φ = 0.2, f = 0.51, and ω = 12 RPM. Time is measured from onset
of motion of the inner cylinder.
direct sampling technique described in Chapter 3 does not have the spatial resolution
needed. It is our conjecture that the distortion of the free surface as particles pass over
the inner cylinder results in capillary force upon the particles, generating a net flux of
particles toward the inner cylinder. This would cause a variation of the local particle
fraction, with a larger φ and larger effective viscosity adjacent to the inner cylinder.
Once bands begin to form, the mean film thickness decreases. It is not understood
why this decrease takes place. The behavior of the film depth during onset of banding
is also shown as the ratio of the maximum to mean film depth over the inner cylinder
as a function of time in Figure 4.6 (b). Except for the smallest rotation rate included
in this figure, ω = 4 RPM, the depth ratio is essentially constant at a value between
1.0 and 1.1 before growing. At ω = 4 RPM, the ratio decreases slowly to a minimum









































Figure 4.6: (a) Mean film depth and (b) ratio of maximum to mean film depth over
the uppermost surface of the inner cylinder. These results are for α = 0, φ = 0.2,
and f = 0.51. A time of zero here indicates the time the inner cylinder was set in

























Figure 4.7: Film depth over the top of the inner cylinder for f = 0.51, φ = 0.2, and
α = 0, averaged over the entire period prior to onset of banding. The error bar is
applicable to all points.
of banding occurs. The film thickness averaged over the entire time prior to band
formation increases with increasing rotation rate, as seen in Figure 4.7.
The time until visual detection of band formation in the horizontal device has been
determined at different rotation rates for f = 0.51. Under these conditions, bands
appear sooner for higher rotation rates. Data have been taken for ω = 2–16 RPM
for particles of 250–300 µm diameter, and for ω = 4–12 RPM for a suspension made
up of particles of diameter less than 106 µm, with the results presented in Figure
4.8. Considering first the larger particles, a noteworthy change in the formation time
is seen between a rotation rate of 2 RPM, for which bands took 38,500 seconds to
appear (note that this point is excluded from the data plotted in the figure), and
4 RPM where bands required 1600 seconds to form. A similar large increase in the
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Figure 4.8: Time required for bands to form at f = 0.51, and α = 0, for φ = 0.2
and two particle sizes, diameter 250–300 µm, and diameter less than 106 µm. For
the larger particles, a data point for ω = 2 RPM and formation time of 38,500 s
has been excluded for visualization and fitting purposes. Power-law fits shown are
t = 9740ω−1.38 and t = 36400ω−1.74 for the large and small particles, respectively.
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it was determined that the time to band formation for ω = 4 RPM was 480 minutes,
much longer than the 1600 seconds found here. The discrepancy is due, we believe,
to unreliable rotation rate at the smallest accesible ω in the prior work (Chapter 3),
as a result of use of a motor with substantial internal resistance leading to periods of
nearly stalled motion. This behavior prompted use of a motor in the present work,
which, as noted above, was accurate to less than one percent of an RPM even at
the lowest rate reported of ω = 2 RPM. The bands which form with ω = 2 RPM
are not raised out of the surface as they are for all other rotation rates investigated
under these conditions. For the smaller particles, the bands were less visible and
showed a less pronounced elevation above the remainder of the surface. For these
smaller particles, the formation time is longer at each rotation rate. The relationship
between rotation rate and band formation time plotted in Figure 4.8 has been fitted
to a power law for each size of particle: formation time scales roughly as ω−1.38 and
ω−1.73 for the large and small particles, respectively. We note the appearance of a
local maximum in each set of data, which suggests that a single power law does not
hold well for this dependence.
The number of observed bands is found to decrease weakly with increasing rotation
rate in this work, over the entire range ω > 4 RPM. In our prior work (Chapter 3), the
same general trend was observed except that a smaller number of bands were observed
for ω = 4 RPM than for the larger rates. Results from both sets of experiments at
Ri/Ro = 0.29, f
.
= 0.5, and φ = 0.2 are presented in Table 4.1. It is clear that we
have a narrower range in number of bands at most rates than was observed in our
prior work. The most plausible explanation for the difference lies in the variability
of ω in our prior work where the flow was driven by a motor without feedback in its
speed control; as the drive from that motor to the cylinder was belt-driven, a further
possible source of error lies in slip of the belt. The new results reported here are
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Table 4.1: The number of bands observed in the uninclined Couette at Ri/Ro = 0.29,
f = 0.51 in the present paper and f = 0.50 in Chapter 3, and φ = 0.2. The particles
are of diameter 250-300 µm. The present experiments were performed with a motor
having better accuracy in ω than in the work described in Chapter 3.
Rotation rate, Number of bands, Number of bands,










believed to be a more accurate representation of the state of the system at the given
conditions. It is not completely clear why variation of ω would lead to variation in
the number of bands, and this may be of interest for further study of the dynamics
of this phenomenon.
Mixing experiments have been performed with a region of the inclined device
(α > 0) initially filled exclusively with dyed particles and the remainder with the
undyed particles. The goal of the experiments was to elucidate the exchange of
particles from the bands to the “bath” of fluid lying below the inner cylinder. Images
from these experiments can be seen in Figure 4.9, at conditions of Ri = 0.64 cm
(Ri/Ro = 0.29), f = 0.5, and α = 2
o. The region of dyed particles consisted of one
fourth of the total suspension and was placed at the raised or lowered end of the
device. From these experiments it is clear that particles travel with the bands as they
migrate; mixing of the particles visually identifiable as a band with the surrounding




Figure 4.9: Images from mixing experiments with Ri = 0.64 cm, f = 0.5, φ = 0.2,
and α = 2o. (a) Initial image with dyed particles in the elevated end of the device.
(b) Initial image with dyed particles in the lowered end of the device. (c) Image
from case (a) after bands of dyed particles begin migration. (d) Image from case (b)
after banding of nondyed particles begin migration. The white arrows in (c) and (d)
indicate the positions of the bands.
Figure 4.10: Complete segregation of particles and fluid for Ri = 1.27 cm, f = 0.8,
φ = 0.2, and ω = 12 RPM.
of bands and down-axis transport of particles through their migration is balanced by
a return flow of suspension along the bottom of the device.
Limited experiments have been performed at Ri = 0.95 cm and Ri = 127 cm
(Ri/Ro = 0.43 and 0.58, respectively), with the goal of determining the transition
from the behavior observed in Chapter 3, with very mobile particle bands, to that of
Tirumkudulu et al. [17] where bands bridged the annulus at Ri/Ro = 0.64. Bands
that form using these larger inner cylinders indeed exhibit less freedom of motion
without inclination, and to date we have performed no experiments at inclination
(α > 0) for these larger inner cylinders. One of the most striking results obtained
using the larger cylinders is that, at elevated fill fractions it is possible to cause
extreme and quite rapid segregation of the particles, as seen in Figure 4.10 for ω = 12
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RPM, f = 0.8 and Ri/Ro = 0.58. The state illustrated was attained, beginning from
a uniformly distributed state, in about 20 minutes, or under 250 rotations.
4.3 Model: suspension film drainage
It has been suggested in prior work [19, 42] that the mechanism leading to the onset
of banding is one involving shear-induced migration. This does not appear to be the
case because band formation occurs in very dilute suspensions (φ ≥ 0.01 in our ex-
periments, with smaller φ not necessarily non-banding but unstudied). Furthermore,
as described in Chapter 3, the onset of band formation occurs on a time scale too
short to be a result of shear-induced migration.
Repeated observation of the Couette device leads us to a different view of the
onset of banding. The basic concepts were outlined in Chapter 3, where the presence
of a deviation between the mean velocities of the solid and liquid components of the
suspension was demonstrated to occur in a simple flow. Specifically, we considered
the drainage flow of a pool of suspension created by placing a droplet of suspension
on a planar surface previously wetted by a thin film of the suspending liquid. In
this flow, the liquid from the suspension pool is found to drain more rapidly than
the particles, creating a front which advances ahead of the particle front. Arguments
were presented to suggest the manner in which this “differential drainage” could give
rise to the initial stages of the observed banding; later stages involve convection of
particles by complex three-dimensional flow fields and the arguments are not expected
to have validity when these flows are present.
Here, we formulate differential drainage mathematically to demonstrate its impact
on the particle fraction in drainage of a suspension film. The result is a model for
the film-averaged particle fraction, φ̃, coupled to the equations for both the bulk
velocity and the film thickness. The consequences are probed through examination
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of properties of the equation rather than solutions for φ̃.
The particle conservation equation on a pointwise basis may be written
∂φ
∂t
+∇·(φU p) = 0, (4.1)
with U p the mean particle-phase velocity. We consider here only suspension flows with
a free surface, and wish to average the equation over a depth. For concreteness, we will
first consider a suspension film draining on a planar surface with motion constrained
to a single direction, say x. The film interface is described by z = h(x, t), and gravity
is along the negative z axis. The film thickness varies such that h(x, t) = ho +δh(x, t)
in which ho is the mean depth. We make the “long wavelength” assumption that
variations in the film thickness occur on lengthscales l, with l À δh. It is simplest to
determine the particle conservation equation by recognizing that the particle volume













and Ũp is the film-averaged particle velocity in the x direction. The film-averaged
particle fraction is φ̃ = P/h. The conservation of mass for the bulk material provides







with Ũ the bulk suspension film-averaged velocity in x. We assume that the particle
and suspension average velocities are related through Ũp = βŨ , where 0 < β(2a/h) ≤
1 is a “hindrance function” which represents the influence of the confining geometry of
a film with solid lower boundary upon particle motion. Basic hydrodynamic theory for
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neutrally buoyant particles indicates the limiting values of β(0) → 1, and β(1) ¿ 1.
The former condition indicates no hindrance, while β(1) ¿ 1 is meant to imply
substantial hindrance in films of the order of the particle size. It should be noted that
a small nonzero β may be expected even for arguments greater than unity provided
there remains a substantial wetting film over the particle surfaces directly adjacent
to the free surface.
The equation (4.2) may be reexpressed in terms of P/h = φ̃ by multiplying by


































which is the model equation we seek. To obtain detailed predictions, this equation
must be solved together with the x-momentum equation for the bulk suspension
and (4.3) for the film depth. The use of the suspension-averaged velocity, Ũ , and
β is preferred over a form containing Ũp because it allows for simple interpretation
of the expected behavior in the dilute limit, where Ũ may be assumed to be well-
approximated by the pure fluid velocity. For use as an evolution equation it is also
preferred, because h is related directly to Ũ .
For purposes of interpretation of the initial stages of banding, we make several
simplifications. Although in the actual flow variation in film depth may arise due
to weak variations in φ̃, here we simply assume a film depth of sinusoidal form,
h = ho(1 + ε cos λx) with ε ¿ 1, and study the consequences, assuming that ∇φ̃ = 0
initially. For low-Reynolds-number flow,






with ηs(φ) the suspension relative viscosity, which may be estimated as ηs(φ̃). Re-






















Note that ηs is taken outside the differentiation because φ̃ is constant.
If we consider the two points within a period of h where ∂h
∂x
= 0, namely at a crest









implying that in the initial stages of flow when φ̃ is essentially constant the curvature
of the surface will drive concentration variations in the presence of differential drainage
of the phases. Specifically, φ̃ is predicted to increase at the crest, where the curvature
is negative, and to decrease at the trough. Note also that for very deep films relative







indicating that the particle fraction is predicted to be convected passively with the
mean bulk flow.
A test of the model prediction is provided by considering its predictions for the
suspension droplet studies described in Chapter 3, taking the flow to be unidirectional
rather than the actual radial to match the above analysis. Here we assume the droplet
immediately takes up a shape which is concave down with smooth variation of h but
abrupt variation of φ̃ at the edge of the droplet. For a droplet sufficiently small
that the film depth satisfies 2a/h = O(1) so that 1 − β 6= 0, the model predicts
concentration will increase near the center of the drop where φ̃ is governed by the
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balance in (4.7), while φ̃ will locally increase (from zero) in regions the particle front






At points between these, it is necessary to solve the model for predictions.
In the Couette flow studied in this work, an increase in φ̃ beneath a surface crest
acts to amplify surface elevation at points elevated above the mean. Noting that
η′s(φ) > 0, the increase in φ̃ also yields a larger viscosity, which reduces the rate of
drainage and thus yields a thicker film at the same position. This sequence of events
will propagate the fluctuation in elevation. We have noted that the onset appears
to occur first near the stagnation line and thus the appropriate place to apply the
theory developed here is probably in this region.
4.4 Summary and concluding remarks
In this work, we have examined the suspension film flows generated in a free-surface
Couette device and the relation of film properties to the banding phenomenon. Prior
work in this geometry [17] and the related partially-filled single cylinder have shown
that segregation to bands occurs, and in Chapter 3 the bands were shown under
small Ri/Ro conditions to be highly mobile and long-lived. This work has added
substantially to the quantitative knowledge base on the segregation to particle-rich
bands by measuring film thickness as a function of various operational parameters,
as well as measuring the band formation time.
The general characteristics of free-surface Couette flow elucidated by the work are
several. The first is that the film thickness at small fill fractions increases with rotation
rate, as expected. In both the inclined and horizontal cases, the band formation time
decreases with the increased rotation rate. Note that this implies a more rapid band
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formation as the film grows thicker. However, at large fill fraction, we have previously
shown, in Chapter 3, that the band formation time undergoes an abrupt increase as
f increases beyond a critical value, f = fc
.
= 0.65 for Ri/Ro = 0.29; f = 0.65 is the
minimum fill fraction for which there is a finite film depth over the inner cylinder
prior to the onset of flow and the films for f > fc become progressively deeper. It
can be concluded that the film thickness alone does not control the banding rate, and
that surface deformation and rate of the drainage flow must also be considered.
A related point is that the flow for our smaller fill fractions of f ≈ 0.5–0.6 exhibits
a reversal zone, i.e., a region of suspension which does not pass over the inner cylinder.
This flow zone is separated from the flow which forms the film over the inner cylinder
by a surface ending in a stagnation line along the free surface on the upflow side of
the driving inner cylinder. It is in the vicinity of this stagnation line that the banding
is first observed as elevated points on the “inner” side of the line, toward the driving
cylinder.
There is potentially further relevance to the region of flow which does circulate
around the driving cylinder. For f ≈ 0.5 and α = 0, we have measured the film
thickness and shown that it slowly increases over many rotations prior to banding
onset. Recalling that the flow is at low Reynolds number and should establish a
fluid mechanical steady state rapidly, this implies that the local particle fraction
undergoes a slow evolution in the plane perpendicular to the cylinder axis. Our best
understanding at present is that the particles within the film cause a distortion of the
interface, which generates a surface tension that in turn causes a net flux of particles
toward the cylinder surface. This buildup results in a locally higher φ and higher
effective viscosity directly adjacent to the cylinder, allowing for a thicker film.
In Chapter 3, particle bands were found to form very regularly at a position near
the elevated end of the Couette, adjacent to the endcap. Measurement of the film
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thickness on the upper surface of the inner cylinder in this region revealed an effect
from the endcap, namely that the film thins over about three cm near the wall (with
a small increase just at the wall). The interface is concave downward with respect to
axial position (negative axial curvature), and it is in this curved region that the band
first appears before beginning to migrate down-axis. It is unclear that the curvature
at the upper surface is relevant, but a similar influence of the endcap may be at work
near the stagnation line, where the bands are seen to arise in the uninclined case.
Further study to elucidate the role of surface curvature is needed, as the physically-
based model for suspension film drainage presented in §4.3 suggests that such curva-
ture in the presence of deviation in the mean velocities of particle and liquid phases
can lead to segregation. Previously we have termed this phenomenon of a devia-
tion in the velocities of the mixture components in gravity-driven flows “differential
drainage” and we have presented a mathematical formulation of the concepts in this
work. The influence of surface curvature is readily seen by examination of the model,




The work which has been presented here on free-surface suspension flows has relevance
to industrial applications, including coating flows as well as flows in nature, such as
mud and pyroclastic flows. This work has focused on coating flows and has presented
experimental information as well as theoretical modeling of the flows investigated.
The inclined plane flow of a suspension has been studied both experimentally
and theoretically. Stereoscopic PIV has been used to determine velocity profiles, and
these velocity profiles have been further analyzed to make a coarse measurement of
the particle concentration in the flow. Theoretical treatments and experiment both
show that particles move away from the solid surface, and that the film thickness
decreases as the suspension moves down the inclined plane, until it reaches some fully
developed value.
We are not able to make conclusive statements about the particle concentration
near the free surface. It appears that the easiest way to determine this will be by some
sort of direct sampling. The unknown location of the free surface makes the use of
most optical techniques difficult especially when trying to measure particle concentra-
tion very near this surface of unknown shape. It is also important to understand the
correlation between the shape of the free surface and the position of the sub-surface
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particles. This type of information can be used to determine if the free surface does
indeed push the particles away. This would allow for the modeling of a more realistic
boundary condition at the free surface. Based on the results of experiments and the
modeling presented here, it is clear that the boundary condition at the free surface
must depend on γ̇ in the film and not just the shear rate next to the free surface.
The migration of particles away from the solid surface is driven by the shear rate at
the solid surface and since the free surface must push back against this migration to
prevent the particles from leaving the film it must somehow be related to γ̇ away from
the free surface.
The free surface shape may be better determined by observing the reflection of an
interference pattern from the surface. This would allow for the exact determination of
surface normal vectors at certain locations, which potentially could be used to com-
pletely reconstruct the shape of the free surface, and subsequently to gain information
about the force which the free surface places on the particles. This would allow for
insight into the functional form of the relationship between γ̇ and the normal stress
jump at the free surface.
We have shown that under certain conditions repeated exposure to the free sur-
face can cause instabilities in the particle concentration. The concentration banding
phenomenon has been shown to occur under a variety of different fill fractions, bulk
particle concentrations, inclination angles, ratio of inner to outer cylinder, and rota-
tion rates of the inner cylinder. The dynamics of the concentration bands is strongly
affected by the inclination angle and by the ratio of inner to outer cylinder. Incli-
nation of the device breaks a basic symmetry and causes the band motion down the
axis of the device to become very regular.
A model based on differential drainage has been proposed. This model explains
how local disturbances in the height of the free surface can lead to an instability in
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the particle concentration which grows into bands. The model also contains several
terms which are similar to terms found in the Kuramoto-Sivashinsky equations which
exhibit similar dynamics.
Coupling the model with the dynamics requires further investigation. A model
which properly describes the dynamics of the concentration bands must also describe
the band formation process in order to be complete. This is evident from the inclined
experiments where concentration bands are observed to form and then migrate away,
with another band forming in its place. The model we have proposed shows band
formation and has components which are appropriate for a dynamical systems treat-
ment of the system. The model has certain components which could result in the
types of dynamical systems which have been found, however further work is required
to determine if the model properly accounts for all phenomena or if it is lacking some
component. Further effort must also be spent on characterizing the band dynamics






There is a similarity between the dynamics seen in the concentration bands which
form in free-surface Couette flow of a suspension and the dynamics which result from
solving the Kuramoto-Sivashinsky equation. An example of this similarity can be
seen in Chapter 1 and in Figure A.1, where the Kuramoto-Sivashinsky equation was
solved by the method given in Trefethen [20]. If the model we have suggested for
the band formation process is complete its solution should account for the dynamics






















We desire an equation of a single dependent variable and so we assume that the
film thickness is proportional to the effective viscosity raised to some positive power.
































Figure A.1: Spatiotemporal location of concentration bands in free-surface Couette
flow of a suspension (a) Forced with inclination angle 0.4o. (b) Kuramoto-Sivashinsky
solutions for a = 0.03, b = 0.15, and c = 0.
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The variable Ũ , and β are both functions of φ̃. It is possible to think of Ũ as the
sum of the fluid velocity caused by the local fluctuations in the film thickness (Ũ∆),
and the fluid velocity caused by inclining the device (Ũα). This will prove useful later.
All of the terms on the right side of (A.4) are nonlinear. We will now attempt
to find terms which could perform similar functions as the terms in the Kuramoto-
Sivashinsky equation,
ht = −h · hx − a− b · hx − hxx − c · hxxx − hxxxx
The nonlinear term in the Kuramoto-Sivashinsky equation (h·hx) is essential to obtain
the chaotic dynamics shown in Figure 1.2 (c); in general, this term results in steepen-




, as Ũ∆ itself results from a fluctuation. The Kuramoto-Sivashinsky
equation contains a diffusion term (hxx) with a negative diffusion coefficient which
causes growth. This is similar to the fourth term on the right hand side of (A.4),
which although nonlinear, is a diffusion term with a negative diffusion coefficient.
The hxxxx term acts as a dissipation term which is known to strongly suppress short
length scale features (large wavenumber in a Fourier transform). The model does not
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contain a dissipation term although we note the third term on the right hand side of
(A.4) acts as a consumption term. Since this term is nonlinear it does not consume
equally across the domain. Through this nonlinearity this term will eliminate extreme
excursions and in this sense perform some of the function of the dissipation term in
the Kuramoto-Sivashinsky equation. It is important to note that all of the terms on
the right side of (A.4) are nonlinear and through their interactions may not behave
as expected in the analysis above.
Finally the Kuramoto-Sivashinsky equation exhibits a dynamics with regular and
periodic structures moving axially because of the hxxx term, and this behavior can
also be caused by a term of the form hx; the solution is numerically less stable with
an hx term in place of −c · hxxx. This is very similar to the second term on the right
hand side of (A.4), βŨα
∂φ̃
∂x
. The Ũ term is driven by the down axis component of the
fluid velocity when the system is inclined, and this overwhelms the nonlinear term,
because the fluid velocity is simply down the axis of the device and not as sensitive
to small fluctuations in the film thickness.
Analytical progress in solving the model proposed for the onset of banding in
Chapter 4 has been made only for certain simple conditions. As noted above, nu-
merical solutions have been obtained only for short times, never for sufficient time
to allow the development of chaotic dynamics. Attempted solutions using finite dif-
ference or finite element techniques result in unbounded growth in the system. It is
possible that more stable solutions could be found using spectral methods [20].
While it thus appears that the model we have proposed contains some of the nec-
essary components to properly describe the concentration band dynamics we observe,
more work is necessary to confirm this. Further effort is also needed to determine
the model dynamics predicted for longer time. It is likely that the model proposed
is insufficient in certain aspects, but the potential relation to Kuramoto-Sivashinksy
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equation dynamics warrants further study. The complexity of the geometry in which
we have reported the band migrations is a factor which must certainly be kept in
mind: while an apparently similar mechanism for the band formation in the related
single-cylinder geometry has been proposed [49], no report of similar chaotic dynam-
ics has been made for this geometry, and the mechanism is not proposed in a form
which allows ready assessment of whether such banding may in fact be predicted.
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